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INTEGRATION AND QUANTIZATION OF 1-SHIFTED COISOTROPICS

YASSINE AIT MOHAMED AND MAXENCE MAYRAND

ABSTRACT. To quantize the reduction of a coisotropic submanifold of a Poisson manifold, Cattaneo and
Felder constructed a homotopy Poisson algebra together with a deformation quantization. Its degree-zero
cohomology is the reduced Poisson algebra, while the full homotopy structure retains information about the
formal embedding even when the reduced space is singular or trivial. On the integration side, Cattaneo
showed that a coisotropic submanifold integrates to a Lagrangian subgroupoid of any symplectic groupoid
integrating the ambient Poisson manifold. It is now recognized that both constructions fit into shifted
symplectic geometry: the Lagrangian subgroupoid presents a 1-shifted Lagrangian morphism of differentiable
stacks, and the homotopy Poisson algebra describes the associated 0-shifted Poisson structure. However, such
morphisms form only a special class of 1-shifted Lagrangians. We extend this picture to 1-shifted Lagrangians
and, more generally, 1-shifted coisotropics in 1-shifted symplectic differentiable stacks. We establish an
integration theorem for their infinitesimal description in terms of twisted Dirac structures and construct a
natural Poisson bracket on invariant functions. Under regularity hypotheses, we equip the associated Lie
algebroid complex with a flat Poo-structure and a curved Aso-quantization, independent of the auxiliary
choices up to isomorphism. The induced bracket in degree zero recovers the reduced Poisson bracket, and
suitable cohomological vanishing conditions yield a deformation quantization of invariant functions. This
extends the Cattaneo—Felder picture to more general reduction procedures, with the same infinitesimal data
governing integration and quantization.
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1. INTRODUCTION

The interplay between integration—passing from infinitesimal data to global structures—and quantiza-
tion—passing from classical to quantum systems—has driven some of the most influential developments in
modern mathematics and physics. On the physics side, a leading example is Feynman’s path integral formu-
lation of quantum mechanics [24]. On the mathematical side, a central milestone is Weinstein’s notion of
symplectic groupoids [50], which integrate Poisson manifolds and were introduced as a geometric framework
for their quantization.

Using insights from Feynman’s path integrals, Cattaneo and Felder [13, 14] clarified the link between
symplectic groupoids and quantization: for an integrable Poisson manifold, the Poisson sigma model, a
topological field theory, produces both its integrating symplectic groupoid, through classical reduction, and
Kontsevich’s star product [27], through perturbative quantization. Integration and quantization thus emerge
from the same model.

This framework was later extended to a relative setting: given a Poisson manifold M together with a
coisotropic submanifold N C M, one seeks both an integration of N and a relative quantization of the pair
(M,N) [15, 16, 12]. The integration question has a concrete answer. The conormal bundle vy is a Lie
subalgebroid of T*M and, when M is integrable, integrates to a possibly immersed Lagrangian subgroupoid
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L of a symplectic groupoid G integrating M. The quantization question leads to a more substantial change
of viewpoint.

To see why, write 7 for the Poisson bivector on M. The characteristic distribution 7#(v%) of a coisotropic
submanifold defines a possibly singular foliation F on N. If the leaf space N := N/F is a smooth manifold
and the quotient map is a submersion, then /N inherits a Poisson structure. Without any smoothness
assumption on the quotient, the algebra

C®(N)" :={f € C™(N) : df x5,y = 0}

still carries a natural Poisson bracket, and one would like to quantize it. In the singular case, however, the
existence of this bracket gives no general guarantee of a deformation quantization. As Cattaneo and Felder
emphasize [16], the attempt to obtain a star product from the coisotropic data can encounter anomalies,
or cohomological obstructions. Moreover, the invariant algebra can be trivial even when the coisotropic
embedding has nontrivial geometry. Thus both the obstructions to quantization and the information lost on
passing to invariant functions lead one to reconsider the object being quantized.

Cattaneo and Felder’s approach is to quantize the complex from which the invariant algebra arises:
the Chevalley—Eilenberg complex T'(A®vy) of the conormal Lie algebroid, whose degree-zero cohomology
is O°°(N)”. They equip it with a homotopy Poisson, or P, structure: an L..-structure whose brackets are
multiderivations of the exterior product and whose induced bracket on degree-zero cohomology is the origi-
nal Poisson bracket [16]. Its higher brackets are obtained from the ambient Poisson structure by Voronov’s
derived-bracket formalism [46]; in the symplectic case, such a homotopy structure was also obtained by Oh
and Park [38], as noted in [16].

The crucial point is that this P.,-algebra always admits a quantization as a possibly curved A..-algebra.
The anomalies appear when one tries to pass from this quantization to a star product on invariant functions:
one must remove the curvature and lift classical invariant functions to quantum ones. These are cohomological
problems, with obstructions in degrees two and one, respectively. The homotopy algebra therefore provides
a quantization even when this passage is obstructed, and identifies the conditions under which it recovers a
quantization of the original reduced Poisson algebra.

In retrospect, one can recognize in the Cattaneo—Felder-Oh-Park construction a differential-geometric
incarnation of a general principle in shifted Poisson geometry: an n-shifted coisotropic in an n-shifted
Poisson stack inherits an (n — 1)-shifted Poisson structure [36]. Indeed, the symplectic groupoid G = M
integrating M presents a 1-shifted symplectic stack, and the Lagrangian subgroupoid £ = N integrating N
presents a 1-shifted Lagrangian morphism

[N/ L] — [M/G].

The general principle therefore predicts 0-shifted Poisson geometry on the source. At the infinitesimal level,
the source is modeled by the dg manifold v}[1], whose algebra of functions is precisely the conormal Lie
algebroid complex. A 0-shifted Poisson structure on this dg manifold is a P..-structure with unary bracket
equal to the Lie algebroid differential [41]. This is the form of the structure constructed by Cattaneo—Felder
and Oh-Park: the homotopy Poisson algebra introduced to address the quantization problem is also the
infinitesimal structure expected from shifted geometry. This interpretation does not, however, make the
differential-geometric construction a direct corollary of the abstract derived-algebraic results. Constructing
the higher brackets on the conormal Lie algebroid complex requires a choice of tubular neighbourhood, and
showing that different choices yield Lyo-isomorphic structures is a further geometric result [17].

The shifted viewpoint suggests that this differential-geometric construction should extend beyond
coisotropic submanifolds. Their integrations account for only a special class of 1-shifted Lagrangians on
differentiable stacks, so extending the classical construction to general 1-shifted Lagrangians already raises
new questions. Moreover, the shifted principle applies more generally to 1-shifted coisotropics, whose
description in terms of Lie groupoids and Dirac structures was developed in [34]. This provides a convenient
framework in which to ask whether these more general objects, including 1-shifted Lagrangians, admit an
infinitesimal description and a quantization extending the classical coisotropic construction. More precisely:

(1) What is the infinitesimal analogue of a 1-shifted coisotropic structure on a differentiable stack, and
how does it integrate to a morphism of Lie groupoids?

(2) How can one construct the O-shifted Poisson structure associated with an infinitesimal 1-shifted
coisotropic as a homotopy Poisson algebra?



(3) How can one construct a deformation quantization of this homotopy Poisson structure?

The goal of this paper is to address all three questions, under regularity hypotheses for the homotopy Poisson
and quantization constructions.

The interest in this extension comes in part from generalized Hamiltonian reduction. Quasi-symplectic
groupoids encompass ordinary, Poisson—Lie, and group-valued moment maps [51], while reduction along
submanifolds and strong Dirac maps includes constructions such as symplectic cutting and implosion [20, 4].
Hamiltonian Dirac spaces and reduction levels can be described as 1-shifted coisotropics, with reduction
expressed through their intersections [34]. Extending the integration and quantization picture to these
coisotropics is thus motivated by reduction procedures already present in differential geometry and geometric
representation theory.

The passage from the shifted principle to the differential-geometric constructions in these questions re-
quires substantial work. Abstract derived-algebraic existence results do not immediately produce the higher
multiderivations on a smooth Lie algebroid complex, relate them to the Poisson bracket on invariant func-
tions, or establish their independence of geometric choices. General quantization results are available, notably
Pridham’s work on 0O-shifted Poisson and 1-shifted coisotropic structures, including differential-geometric for-
mulations [40, 41]. Even with these results, one must identify the relevant structures in the Dirac model
and establish their relation to the classical constructions. We carry out this passage directly: the same Lie
algebroid supplies the infinitesimal object to be integrated and the cochain algebra to be quantized, and
geometric Poisson models extend the Cattaneo-Felder construction to the Dirac setting (see also Severa [48]
for a related approach to deformation quantization of Dirac structures).

We now explain the results, beginning with the integration question. To pass beyond the symplectic-
groupoid picture, one replaces G by a quasi-symplectic groupoid (G,w) = (M, ¢): a Lie groupoid equipped
with a multiplicative 2-form w and a closed 3-form ¢ satisfying compatibility and nondegeneracy conditions
[51, 7]. Up to symplectic Morita equivalence, these groupoids present 1-shifted symplectic differentiable
stacks. Correspondingly, a 1l-shifted Lagrangian morphism C — G is described by a 2-form on N := C°
satisfying suitable conditions [39]. The passage from Lagrangians to coisotropics replaces this 2-form by a
twisted Dirac structure Ly [34].

Quasi-symplectic groupoids integrate twisted Dirac structures, just as symplectic groupoids integrate
Poisson structures; the relation with infinitesimal shifted symplectic geometry is developed in [42]. Writing
Ly, for the ¢-twisted Dirac structure integrated by G, differentiation of a 1-shifted coisotropic therefore leads
to a smooth map

c: (N, Ln,v) — (M, Ly, ¢) (1.1)
satisfying
¢ = 1. (1.2)
No forward- or backward-Dirac condition on c is imposed. Instead, the infinitesimal coisotropic condition
singles out the bundle

B. :={((u, ), (v,8)) € Ly X Lp: cou=v, a =c"S}. (1.3)

For a 1-shifted coisotropic, the Lie algebroid A¢ identifies with B.. This observation led to the following
candidate for the infinitesimal notion [34, Definition 3.13].

Definition 1.1. An infinitesimal 1-shifted coisotropic is a map (1.1) satisfying (1.2) for which B, has
constant rank.

The constant-rank condition makes B, a Lie algebroid, with anchor ((u, «), (v, 8)) — u, whose projections
to Ly and Ly are Lie algebroid morphisms (Theorem 2.3(1)). Thus the candidate already has the algebraic
structure needed for integration. The remaining question is geometric: when these Lie algebroid data
integrate, does Ly automatically satisfy the compatibility condition with the quasi-symplectic form on G?7
This is the integration conjecture of [34, Conjecture 1.6 and §3.4], which we establish in the following form.

Theorem A. Let c: (N,Ly,v) — (M, L, @) be an infinitesimal 1-shifted coisotropic.  Suppose that
(M, Ly, @) integrates to a quasi-symplectic groupoid (G,w) = (M, ¢) and that B. integrates to a source-
simply-connected Lie groupoid C = N. Let c: C — G integrate the projection B. — Ly;. Then Ly is a
1-shifted coisotropic structure on this groupoid morphism.



For a coisotropic inclusion N < (M, 7) with Ly = TN &0 and Ly = I'x, one has B. = v},. Thus the
theorem recovers the integration of coisotropic submanifolds to Lagrangian subgroupoids [12]. For a general
inclusion with these Dirac structures, B identifies with v} N (7%)~1(T'N), and its constant-rank condition
is precisely the pre-Poisson condition [19, 18]. The theorem therefore also recovers Cattaneo-Zambon’s
integration of pre-Poisson submanifolds to isotropic subgroupoids [19, Proposition 7.2]. In this case, B. is
also the stabilizer Lie algebroid governing reduction along a submanifold [20]. More generally, allowing an
arbitrary twisted Dirac structure Lj; and taking Ly to be the graph of a 2-form recovers the reduction
levels of [4]. Thus these examples connect the infinitesimal definition directly with the geometric data used
in generalized reduction.

We next construct the Poisson algebra of invariant functions.

Theorem B. Let c: (C = N,Ly) — (G = M,w,¢) be a 1-shifted coisotropic, and let Ly be the induced
Dirac structure on M. Then C™(N)C carries a natural Poisson bracket

{f.9} = df(vg), f.g€C(N),
where vy is any smooth vector field for which there is a smooth section B, of c*T*M satisfying
(vg,dg +c*Bg) € Ln, (cuvg,Bg) € L.

Such pairs exist, and the bracket is independent of their choice. Coisotropic Morita equivalences induce
isomorphisms of these Poisson algebras.

This bracket recovers the usual coisotropic reduced bracket when N is a coisotropic submanifold of a
Poisson manifold M. In the general setting of the theorem, it defines a Poisson structure on N/C whenever
this quotient is a smooth manifold and the quotient map is a submersion. The invariant Poisson algebra
remains available when the orbit space is singular.

To approach the quantization of this Poisson algebra, we follow the Cattaneo—Felder construction and
pass to the Chevalley—Eilenberg algebra

ac ;=T (A*B}), dp.:a® — astt.
Its degree-zero cohomology is the algebra C°°(N)5c of functions annihilated by the anchor of B.. For an
integrated 1-shifted coisotropic with source-connected C, this is C°°(N)C. We call the infinitesimal datum

reqular if Ly NTN and Ly, NTM both have constant rank, as in Subsection 4.6. This hypothesis concerns
the Dirac structures; it does not require the orbit space to be smooth.

Theorem C. Every regular infinitesimal 1-shifted coisotropic determines a flat Pso-structure ({)g>0 on
ac with {1 = dp.. Its Loo-isomorphism class is independent of the auziliary choices in its construction. If
the datum comes from a 1-shifted coisotropic C — G with C source-connected, the bracket induced by f2 on
H ac, 1) is the Poisson bracket of Theorem B.

The construction proceeds through pre-Poisson submanifolds, following Cattaneo—Zambon [19]. Their
coisotropic embedding theorem allows the Cattaneo—Felder construction to be applied inside a Poisson
transversal, a method they already used to obtain deformation quantization of pre-Poisson reduction. To-
gether with their uniqueness theorem and the equivalence results of [17], this yields a Py -structure on the
stabilizer cochains, independent of choices up to Lyo-isomorphism. We use this construction as the starting
point for the passage to 1-shifted coisotropics.

For general Dirac data, we also use coisotropic Poisson extensions of Dirac manifolds with constant-rank
kernel [19]. We replace the map c by its graph in a product of auxiliary twisted Poisson manifolds. The
equality ¥ = c*¢ allows the product twist to be removed near the graph, yielding an ordinary pre-Poisson
submanifold whose associated Lie algebroid is B.. Higher derived brackets then give the required structure.
Comparison of the choices uses Poisson neighbourhood equivalences, including the results of [19], together
with the equivalence theory of higher derived brackets [17].

Finally, the relative formality theorem of Cattaneo—Felder quantizes these Poisson models, yielding a
curved Ag.-structure on the Lie algebroid complex. Its first-order terms recover the homotopy Poisson
structure constructed above.

Theorem D. Let c be a regular infinitesimal 1-shifted coisotropic. There is a curved A -structure (pg)r>o0
on ac[€], with multidifferential structure maps, such that

pa(a,0) = anb+0(e), =00 (k#2), po=O0(),
4



whose semiclassical limit is the P -structure of Theorem C:
H1 = €dBC + 0(62)7 H2(a7 b) - (_1)IaHb|,u2(b7 0,) = €€2(Cl, b) + 0(62)3

and more generally py, o Alty, = +ely, + O(€?) for every k, where Alty, is graded antisymmetrization and the
sign depends only on k (Theorem 5.29). Its curved A -isomorphism class is independent of the choices of
local models, Poisson transversals, tubular neighbourhoods, and normal-bundle connections, as well as of the
globalization data fized on N (Remark 5.28).

If H*(B.) = 0, the curvature can be removed by a formal change of base point. If also H'(B.) = 0, the
resulting degree-zero cohomology can be identified with C>(N)B<[e], and its induced product is a star product
deforming the Poisson bracket induced by lo on C>(N)B<, which is the bracket of Theorem B when the datum
comes from a 1-shifted coisotropic C — G with C source-connected.

The two cohomological hypotheses have distinct roles: H? controls the removal of curvature, while H'
controls the lifting of invariant functions. In the pre-Poisson case, the resulting deformation of invariant
functions recovers the existence result of [19, Theorem 6.2]. When M is a point, B, = Ly N TN and a. is
the foliated de Rham complex of the regular foliation integrating Ly NTN; Theorems C and D then recover
[19, Proposition 8.6 and Theorem 8.5]. The homotopy construction also applies when H!(B.) or H?(B)
does not vanish, retaining the curvature and higher operations as part of the quantized structure.

These results bring us back to the question of quantizing a reduced phase space. In Hamiltonian reduction,
one restricts to a level set of the moment map and then divides by the corresponding symmetries. The
shifted coisotropic framework also allows more general reduction procedures, such as symplectic reduction
along a submanifold [20] and reduction of strong Dirac maps [4]; see §3.4. Under the hypotheses above, the
Lie algebroid governing the reduction supplies a homotopy Poisson algebra whose degree-zero cohomology
carries the reduced Poisson bracket, and this homotopy algebra admits a curved A.,-quantization. When
the cohomological obstructions vanish, it yields a star product on the invariant functions. Even when the
reduced space is smooth, its Poisson algebra does not retain all the information carried by the reduction
data. The homotopy construction retains part of this information and makes explicit the obstructions to
obtaining an associative deformation of invariant functions.

Organization of the paper. In §2, we recall 1-shifted coisotropic structures on Lie groupoids and prove
the integration theorem. In §3, we construct the Poisson bracket on invariant functions and show that it is
invariant under coisotropic Morita equivalence; this invariance also reduces the Jacobi identity to the case of
an inclusion. In §4, we construct the flat P, -structure first for pre-Poisson submanifolds and then for regular
infinitesimal 1-shifted coisotropics through local Poisson models, proving Theorem C. Finally, §5 quantizes
these structures using the relative formality theorem and proves Theorem D.
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Mohamed Moussadek Maiza for useful discussions. Y.A.M. thanks the Institut des sciences mathématiques
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the Natural Sciences and Engineering Research Council of Canada (NSERC).

2. DIFFERENTIATION AND INTEGRATION OF 1-SHIFTED COISOTROPICS

In this section, we recall the description of 1-shifted coisotropic structures in terms of Lie groupoids and
twisted Dirac structures [34], and prove the integration theorem announced in Theorem A. We follow the
conventions of [32].

The integration theorem is new even in the more familiar setting of 1-shifted Lagrangians. Working
directly with 1-shifted coisotropics provides a convenient framework for proving this result, as well as greater
generality. In particular, the coisotropic formulation is symmetric: both the source and the target carry
twisted Dirac structures, whereas the Lagrangian case involves a 2-form on the source and a twisted Dirac
structure on the target.

2.1. Preliminaries on Lie algebroids and multiplicative forms. We recall some standard facts about
Lie algebroids, their cohomology, and multiplicative forms, fixing the notation and conventions used below.

A Lie algebroid over a manifold M is a vector bundle A — M with a Lie bracket on I'(4) and a bundle
map p: A — TM, called the anchor, satisfying

[vaw] :f[U,UJ]+p(U)(f)w, ’U,U)EF(A), fECOO(M)
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The graded commutative algebra T'(A®*A*) carries the Chevalley—FEilenberg differential d,, given on
n € T(A*A*) by
k

(dan)(vo, -, v8) = Y _(=1)'p(v:) (n(vo, ..., B, ..., vk))

i=0
+ > (D)0 B Ty ).
0<i<j<k

It is a derivation of degree 1 satisfying d%4 = 0, and is determined by its values on functions and 1-forms:
(daf)(v) = p(v)(f),
(dac)(v, w) = p(v) (a(w)) — p(w) (a(v)) - alfv, u]).
The cohomology of this differential graded algebra is the Lie algebroid cohomology
B ker(dA: L(AFA*) — I‘(/\k'HA*))

HE (A, da) = im(da: D(AF=1A%) — T(ARA*)) 21)

In particular,
H°(A,da) = {f € C®(M) : p(v)(f) =0 for all v € T'(A)}.
Every Lie groupoid K = X, with source s, target t, and unit section 1, has a Lie algebroid

A’C :kers*h(X)a P :t*lA)ca

viewed as a vector bundle over X. Its bracket is induced by the commutator of right-invariant vector fields
[32]. A 2-form 6 on K is multiplicative if

m*0 = prj 6 + prs 0

on the manifold K(?) of composable pairs, where m is multiplication and pr; are the projections. Its infini-
tesimal multiplicative form (IM form) is the bundle map

og: Ax — T*X, op(a)(w) =01, (a,lw),
for a € (Ax), and w € Ty X.

2.2. 1-shifted coisotropics and Morita equivalence. We recall the Lie groupoid description of 1-shifted
coisotropic structures and their Morita equivalences from [34]. We also establish a relation between the base
Dirac structures of symplectically Morita equivalent groupoids, which will be used later to prove Morita
invariance of the Poisson bracket on invariant functions.

Let (G,w) = (M, ¢) be a quasi-symplectic groupoid, C = N a Lie groupoid, and c: C — G a Lie groupoid
morphism. We use the same symbol for its base map N — M. The quasi-symplectic structure induces a
¢-twisted Dirac structure Ly; on M, with a canonical Lie algebroid isomorphism [7]

(pg,0w): Ag — L.
A 1-shifted coisotropic structure on c is a twisted Dirac structure (L, 1) on N satisfying the following
conditions.
(1) Compatibility. We have
w:C*(b, t*Ly =s"Ly + Tevgo.
Here s and t are the source and target of C, pullbacks are backward images of Dirac structures, and
addition of T'c+, is the gauge transformation by c*w; see [34, §2.2].
(2) Nondegeneracy. The map
AC — Ly X AQ?

a = ((pe(a), c*ou(c.a)), c.a) (2.2)

is fibrewise bijective,! where
Ly xcAg :={((v,a),a) € Ly ®c"Ag : cov = pg(a), «=c*o,(a)}.

LOur 1-shifted coisotropics are the strong 1-shifted coisotropics of [34], whose general definition allows this map only to be
surjective. The stronger notion is more natural for the purposes of this paper, since it identifies Az with the Lie algebroid
determined by the infinitesimal Dirac data. We therefore use the term coisotropic for this notion throughout.
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A 1-shifted Lagrangian structure is the special case where Ly is the graph ', = {(v,¢yy) : v € TN} of
a 2-form v € Q?(N) [39, 34]. Another example is the identity morphism G — G, equipped with the induced
Dirac structure Ljys on its base [34, Proposition 3.6].
Let ¢;: C; — G; be Lie groupoid morphisms, with (G;,w;, ¢;) quasi-symplectic for i = 1,2. A Morita
equivalence between them consists of a diagram of the following form [34, Definition 7.1]:
K
P1 P2
C1 / h\ CQ
[ SR [ (2.3)
c1 C2
Go

L
¥1 P2
; / \

in which the 1; are Morita morphisms, the span G; < £ — G5 is a symplectic Morita equivalence with
1-shifted Lagrangian structure v € Q2(£°), and 0;: c;¢»; = @;h are natural transformations.

If ¢; and co carry 1-shifted coisotropic structures Ly and Lo, the diagram (2.3) is a coisotropic Morita
equivalence if in addition

WiLy = PILy +Ts, 8= —h*y + 0w — Oiws. (2.4)

The 2-form § is called the connecting 2-form of the equivalence. Two 1-shifted coisotropics are equivalent
in this way if and only if they represent isomorphic coisotropic structures on the underlying stacks [34, §10].
The proof of Morita invariance in Subsection 3.2 requires the following result.

Lemma 2.1. Let (Gy = M1, w1, 01) and (Go = My, we, ¢2) be quasi-symplectic groupoids with induced base
Dirac structures Lag,, Lar,. Suppose there is a symplectic Morita equivalence

L
G1 Go
with 1-shifted Lagrangian structure v € Q2(L°). Then @i L, = 3L, + 1.
Proof. The symplectic Morita equivalence gives
Piwr — powa =ty — 5™,
P1P1 — e = —dy.

Both sides of the claimed equality are pointwise Lagrangian, so it suffices to prove one inclusion. Let
(v, p5a) € i Ly, . Choose a € Ag, such that

(2.5)

Pra0 = pg, (a), a= o, (a).
By [34, Lemma 5.5], there is @ € A, with

pxa=a, pela)=no.

Set b = @a.a, so that pg, (b) = pa.v. Taking IM forms in the first identity of (2.5) and evaluating at @ gives

Pra = 9300, (b) = ivy-
Since (p24v, 0w, (b)) € Lag,, it follows that (v, pfa) € @5 Ly, +T'y. O

2.3. Infinitesimal 1-shifted coisotropics. We now identify the infinitesimal data associated with a 1-
shifted coisotropic and prove that these data recover the coisotropic structure whenever the relevant Lie
algebroids are integrable. We conclude with examples relating this correspondence to coisotropic submani-
folds, reduction levels, and strong Dirac maps.
Given a 1-shifted coisotropic c: (C = N, Ly) — (G,w, ¢), the base map is a smooth map between twisted
Dirac manifolds
c: (N, LN,¢) — (M, LJM,QS)



with ¥ = c*¢, but satisfying no other compatibility conditions between the Dirac structures such as forward
or backward Dirac. Under the identification Ag = Ly, the nondegeneracy condition (2.2) gives a vector
bundle isomorphism
Ac = B,

where

B. :={((u,),(v,8)) € LN DLy : cou=v, a=c*f}.
In particular, B, has constant rank and depends only on the base map and the two twisted Dirac structures.
This motivates the following definition, proposed in [34, Definition 3.13].

Definition 2.2. An infinitesimal 1-shifted coisotropic is a smooth map
c: (N, Ly,v) — (M, L, ¢)
between twisted Dirac manifolds such that 1 = c¢*¢ and B. has constant rank.

Recall that a twisted Dirac manifold (M, Ly, @) is integrable if Ly, is integrable as a Lie algebroid. In
that case, its source-simply-connected integration carries a unique multiplicative 2-form making it a quasi-
symplectic groupoid with induced Dirac structure Ly, [7]. We call any quasi-symplectic groupoid with this
induced twisted Dirac structure an integration of (M, Ly, ¢).

The following theorem establishes the integration conjecture of [34].

Theorem 2.3. Let c: (N, Ly,v) — (M, Ly, @) be an infinitesimal 1-shifted coisotropic.
(1) Bc is a smooth vector bundle over N with a unique Lie algebroid structure such that the two projec-

tions
B
LN LM
are Lie algebroid morphisms.

(2) Suppose that (M, Las, @) integrates to a quasi-symplectic groupoid (G,w) = (M, $) and that B, in-
tegrates to a source-simply-connected Lie groupoid C = N. Let c: C — G integrate the projection
B. — Ly 2 Ag. Then Ly is a 1-shifted coisotropic structure on c.
Proof. (1) The set B is the kernel of the vector bundle map
Ly®c Ly — TMeT*N, ((u,a),(v,8)) — (chu —v,a0 — c*B).
Hence, the constant-rank assumption implies that B. is a smooth vector bundle.
Let P= N x M, let j: N — P be the graph embedding j(z) = (z,c(x)), and write S = j(IN). Consider
the twisted Dirac structure
D= LN X (—LM)
on P, with background 3-form
n=Ppry ¢ —pry ¢,
where —Lys = {(v,—f) : (v, ) € Ly }. The map
Ly X Ly — D, ((u, @), (v,8)) = ((u,v), (o, =)
is an isomorphism of Lie algebroids. Under this identification, B, corresponds to
E=D|snN(TSa(TS)°),
where (T'S)° C T*P|g is the conormal bundle. Indeed, (u,v) € T'S precisely when v = c,u, and (o, —f) €
(T'S)° precisely when o = c*. Moreover,
J=1-co=0.
We claim that E is a Lie subalgebroid of D. Its anchor takes values in T'S by construction. Let (X;,&;),
i = 1,2, be local sections of D whose restrictions to S take values in E. Then
Xioj=jwui, j°&=0
for some vector fields u; on N. Their twisted Dorfman bracket is

[(X1,61), (X2,82)]y = (X1, Xa], Lx, &2 — ix,dé1 +ix,ix,7).
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The vector component is tangent to .S, and the covector component annihilates TS, since
j* (‘CX1'£2 - indgl + iniX177) = ‘Cu1j*§2 - iuzdj*fl + Z'u2iu1j*n
=0.

Since D is involutive, this bracket restricts to a section of E, proving the claim.
The induced Lie algebroid structure on F therefore gives a Lie algebroid structure on B, with anchor

((’LL, a)7 (U7 ﬁ)) = u.

The two projections are Lie algebroid morphisms, being the compositions of the inclusion into the product
Lie algebroid Ly x Lj; with its projections.

Finally, any Lie algebroid structure on B, for which both projections are morphisms makes their product
B. — Ly x Ly a Lie algebroid morphism over j. Since this map is a vector bundle embedding over an
embedding of manifolds, its bracket and anchor must agree with the induced subalgebroid structure. This
proves uniqueness.

(2) Write Q = c*w. We first show that

t*Ly =s"Ly +Tq

holds on a neighbourhood of the unit section.

Let (H,v) = (N, ) be a local quasi-symplectic integration of Ly. By Part (1), the projection B. — Ly
is a Lie algebroid morphism. It therefore integrates to a local Lie groupoid morphism

f:U—H
over the identity of N, where U C C is a neighbourhood of the unit section. The proof of [34, Proposition
3.6] applies to local quasi-symplectic groupoids and gives
t"Ly =s"Ly + T,
on H. Since backward images commute with gauge transformations and f covers the identity of N, pulling
back by f gives
t*Ly =s*Ly + Ff*,y

on U.

Since f covers the identity of N, we have

d(f*y) = [(dy) = [*(s"¢ —t™)) =™ — t70.
Similarly, since c is a groupoid morphism and c*¢ = ¥,
dQ = c*(dw) = c*(s"¢d —t7¢) =s"(c"p) —t*(c"p) = s™¢ — t* .
Thus, f*v and Q have the same differential. We now compare their IM forms. Let
a=((u,a),(v,B)) € (Be)z, weT,N.

Under the identifications Ay = Ly and Ag = Ly, we have

fra=(u,a), cea=(v,p).
Since f covers the identity of N and -~y integrates Ly,
ofy(a)(w) = v(fra, Law) = oy (u, @) (w) = a(w).
Similarly, since w integrates Ly,
oa(a)(w) = w(cwa, lic,w) = oy, (v, B)(chw) = Bcaw) = alw),
where the last equality follows from « = ¢*f in the definition of B.. Thus, f*y and € have the same IM form.
The uniqueness argument in [7, Proposition 3.5(iii)] applies equally to local Lie groupoids, after shrinking

to a neighbourhood of the unit section with connected source fibres. Hence, f*y = Q after shrinking U.
Now let

K= {g eC: (t*LN)g = (S*LN + Fg)g}.
We show that K is a subgroupoid of C. It contains the unit section since U C K. Let ¢: C — C be inversion.
Since sor=1t,tor=s, and (*Q = —(, pulling back the defining identity at g € K by ¢ gives

(S*LN)g71 = (t*LN + F,Q)g—l.
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Applying the gauge transformation by € shows that g=1 € K.

Let h, g € K satisfy s(h) = t(g), and let

(v,t"a) € (t"Ln)ng, (t«v, ) € (LN )e(n)-
Since multiplication is a submersion, choose
(vh,vg) S T(h’g)C(Q)
such that m,(vp,vy) = v. Then t v, = t,v, so the defining identity for h € KC gives
t*()( = S*B + Z.U}LQ7 (S*Uh, 6) € (LN)s(h)
for some § € Ts*(h)N. Since s,v), = t,vg, the defining identity for g € K similarly gives
t"B =50+ ing, (S*’Ug, (5) € (LN)s(g)

for some ¢ € T3 )N

At (h, g), multiplicativity of 2 now implies

m*(t*a —s*0 — i,Q) = pri(t*a —s*F — i, Q)
+pry(t*p —s"0 — ing)
=0.
Since m is a submersion, it follows that
tYa =s"0 + 1,0
Moreover,
(S*U,(S) = (S*vgaé) € (LN)s(hg)~
Hence,
(t"Ln)hg € (s"Ly +T'0)ng-

Both sides are Lagrangian subspaces, so they are equal. Thus, hg € K, proving that K is a subgroupoid.

Since C is source-connected, every arrow g can be joined to 1y by a path g(t) in its source fibre. A
sufficiently fine subdivision 0 =ty < - -+ < t;, = 1 satisfies

g(ti)g(tifl)_l eUck

for every i. Their product is g, so = C. This proves compatibility.
Finally, under the identifications A¢ = B. and Ag = Ly, the map (2.2) is the identity of B.. It is therefore
bijective, proving nondegeneracy. (|

In particular, this proves Theorem A from the introduction.
For a 1-shifted coisotropic c: C — G, the canonical identification A¢ = B. is an isomorphism of Lie
algebroids. Indeed, its projection to L, is the differential of ¢, while its projection to Ly is
(pc,0c+w): Ac — L,

which is a Lie algebroid morphism by the IM-form identities [7, Proposition 3.5]. The uniqueness in Part
(1) gives the claim. Thus, when C is source-simply-connected, its infinitesimal data recover both C and the
morphism c: C — G, with the target integration fixed.

Theorem 2.3 therefore justifies Definition 2.2: once the relevant Lie algebroids are integrable, there is no
further obstruction to the coisotropic compatibility condition. We record some special cases.

Example 2.4.

(1) Coisotropic and pre-Poisson submanifolds. Let (M,m) be a Poisson manifold and c¢: N — M a
coisotropic submanifold. Equip M with Ly; =Ty and N with Ly = TN & 0. Then

(TN)° = Be, B+ ((7%8,0), (7*8, 8)),

where (T'N)° C T* M|y is the conormal bundle. The anchor is ﬂ"il(TN)o, and the bracket is inherited
from the cotangent Lie algebroid of M.

10



Suppose that (M, ) integrates to a symplectic groupoid (G,w) = M. Since (T'N)° is a Lie
subalgebroid of T M, it is integrable. Let C be its source-simply-connected integration. The induced
morphism c: C — G is an immersion, and the compatibility condition of Theorem 2.3 reduces to

c'w=0.
Moreover,
dimC = dim N + rank(TN)° = dim M = %dim g.
Thus, c is a Lagrangian immersion of Lie groupoids, recovering Cattaneo’s integration of coisotropic
submanifolds [12].
More generally, for an arbitrary submanifold N C M with the same Dirac structures, one has
B. = (TN)° N (7*) "1 (TN).

The constant-rank condition is equivalent to the usual pre-Poisson condition that TN + m((T'N)°)
have constant rank [19]. Its integration is an isotropic immersion C — G, again equipped with the
trivial 1-shifted Lagrangian structure, recovering [19, Proposition 7.2]. It need not be Lagrangian as
an immersion. These integrations are also the stabilizer subgroupoids used in symplectic reduction
along a submanifold [20].

Infinitesimal 1-shifted Lagrangians and reduction levels. Suppose that Ly =TIy for a 2-form v €
Q2(N). The twisting condition becomes

dfy = _C*¢7
and the defining bundle is naturally identified with
B ={(u,(v,8)) e TN®c Ly :cou=wv, iy,y=c"p}.

Thus, an infinitesimal 1-shifted Lagrangian consists of such a pair (c,v) for which this bundle has
constant rank. Whenever the integrations in Theorem 2.3 exist, its compatibility condition becomes

1_\t"'y = Fs*'y+c*w7
or equivalently,

Cw=t"y —s*y.
Together with nondegeneracy, this makes v a 1-shifted Lagrangian structure on c: C — G.

When c is the inclusion of a submanifold, the second projection identifies B. with
{(v,B) € Ly|n:v€TN, c"f=ri,7}.

The conditions on (N,~) are therefore exactly those of a reduction level in [4, Definition 2.1], and
this bundle is its stabilizer Lie algebroid. If Lj; is integrable, so is this Lie subalgebroid. The
theorem then shows that its source-simply-connected integration satisfies the multiplicative-form
identity required of a stabilizer subgroupoid in [4, Definition 5.1]. Thus, every reduction level in an
integrable twisted Dirac manifold admits such a stabilizer integration.
Strong Dirac maps. Suppose that

c: (N,Ln,¥) — (M, L, )
is a strong Dirac map, i.e.
c.Lny =Ly, kerc, N(LyNTN) =0, =c"¢.
For each (v, 8) € (Las)c(z), there is a unique u € T, N such that
cu=v, (u,c*B)e€ (Ly)as.
Consequently, the second projection gives a vector bundle isomorphism
B =c"Lyy.

Its anchor is the infinitesimal action of Lj; on N, so B is the corresponding action Lie algebroid.

If this action is complete and G is the source-simply-connected integration of Ly, it integrates
to an action of G on N. Then C = G x N, and the integrated morphism c: C — G is the projection.
Writing a: G x N — N for the action, the compatibility condition becomes

a*LN = prfv Ly + Fpraw.
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This recovers the Hamiltonian groupoid action associated with a complete strong Dirac map [6,
Theorem 4.7], and its interpretation as a 1-shifted coisotropic in [34].

Finally, the Lie algebroid appearing in the integration theorem also determines the invariant functions.
Since C is source-connected,
C®(N)¢ ={f € C®(N) : pp.(b)f =0 for all b € I'(B.)}
= H°(T(A*BY),dg,).
Thus, the same infinitesimal object that determines the integrating groupoid supplies the cochain algebra
on which we will construct the homotopy Poisson structure and its quantization.

3. THE POISSON ALGEBRA OF INVARIANT FUNCTIONS

Let (G,w) = (M, ¢) be a quasi-symplectic groupoid and ¢: C — G a morphism of Lie groupoids equipped
with a 1-shifted coisotropic structure Ly. By abuse of language, we often call c itself a 1-shifted coisotropic
structure. The algebra of C-invariant functions on the base N = C° is

C®(N)C :={f € C®(N):s*f =t*f}. (3.1)
By (2.1) it is the zeroth Lie algebroid cohomology of Ac when C is source-connected. The goal of this section
is to equip C*°(NN)¢ with a Poisson bracket that depends only on the coisotropic Morita equivalence class

of c. We first define the bracket in general and check the Jacobi identity by hand when the base map is an
inclusion. We then reduce the general case to this one by Morita transport.

3.1. The bracket. We now construct the bracket on C°°(N)C. Let Ly, be the Dirac structure on M induced
by (G,w) = (M, ¢). In this setting, an admissible vector comes paired with a covector on M.
Let

Ly x¢ Ly = {((v,q),(v,8)) € LNy X Ly s cu = v, a = c* S}
The nondegeneracy condition says that

A — Ly Xc Ly, br— ((pcb, c*owcib), (pgeyb, O’wC*b))

is surjective. For f € C*°(N)¢, differentiating s* f = t* f along A¢ = kers, |y gives df o pec = 0, so surjectivity
forces df (u) = 0 for every ((u, ), (v,8)) € Ly xc Lys. In particular df (u) = 0 for all (u,«) € Ly Nc*Lay, so
pointwise

(0,df) € (Ly Nc* L)t = Ly + (c* L)t = Ly +c* L. (3.2)
Hence there are vy € TN and 8y € T*M with
(vf,df—l-c*ﬁf) € Ly and (C*Uf,ﬂf) € Lyy. (33)

Such a vector vy is said to be admissible for f. It is unique up to a vector u with (u,vy) € Ly Nc*Ly; for
some . We set

{f, 9} = df(v,). (3.4)
The value does not depend on the choice: if 7, is another admissible vector, then vy — 9, € Ly Nc* Ly and
(3.2) gives df (vy) = df (74). The bracket is bilinear: if (vq, 84) and (vy/, By ) satisty (3.3) for g and ¢/, then
(vg + Avgr, By + ABy) satisfies it for g + A\g'.

Lemma 3.1. The pair (vg, Bf) can be chosen smooth.
Proof. We use the following fact: if ®: E — F is a constant-rank bundle map and 7 a smooth section of F,
then ®~!(7(N)) is a smooth affine bundle as soon as every fibre is nonempty. Indeed, 7 then takes values

in the subbundle im ®, on which ® admits smooth local right inverses, and the resulting local solutions glue
by a partition of unity since the fibres are affine. Set £ = TN & c*T*M and

B={(u,8) € E:(u,c"B) € Ln, (csu,B) € Las},
the image of the embedding Ly X Lps < E, a smooth subbundle. With F = ((TN ® T*N)/LN) &)
c*((TM @T*M)/LM), the map ®: E — F, (u,8) — ((u,c*p), (csu, B)), has kernel B and hence con-
stant rank. Let 7 be the smooth section of F' given by 7(n) := ([(0, —df,)], 0), where [-] denotes the class
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modulo Ly. For (v,8) € E,, the condition (v,df, + c*8) € Ly says that (v,c*3) = (0, —df,,) modulo Ly,
and (c,v, ) € Ly says that the second component of ®(v, 8) vanishes; hence

S :=d Y1 (N)) ={(v,8) € E: (v,df +c*B) € Ly, (c.v,B) € Ly}

Its fibres are nonempty by (3.3), so S is a smooth affine bundle. A smooth section of S gives smooth (v¢, Bf)
with the required properties. O

Lemma 3.2. The bracket {-,-} is antisymmetric and satisfies the Leibniz rule.
Proof. For antisymmetry, isotropy of Ly applied to (vs,df + c*Bf) and (vg,dg + c*f,) gives

df (vg) + By(csvg) + dg(vy) + Bg(civy) =0,
while isotropy of Las applied to (c.vy, Bf) and (c.vg, By) gives Br(civy) + By(civy) = 0. Subtracting yields

0f(v) + dg(vy) = 0.
For the Leibniz rule, closure of Ly under multiplication gives (gvp, + hvg, d(gh) + gc*Br + hc*By) € L,
S0 Vgn = gup + hvg +u with (u,y) € Ly Nc*Lyy, and (3.2) gives {f, gh} = g{f,h} + h{f, g}. O

The bracket takes values in C*°(N)¢. Let v € C be an arrow from z to y, and let (v,, 3,) satisfy (3.3) at
z. Choose v € T),C with 5,9 = v, and set w := t,9. The compatibility t*Ly = s*Ly + I'c+., together with
the compatibility condition of [34, Proposition 3.6] for G applied to c.?, gives §’ with (c,w, ') € Ly and
(w,dg +c*p’) € Ly. So w is admissible for g at y, and {f, g}(y) = (t*df)(0) = (s*df)(0) = {f, g} ().

Definition 3.3. The algebra C>(N)¢ with the bracket {, -} is the almost Poisson algebra of the 1-shifted
coisotropic structure.

The Jacobi identity requires control over c: N — M. We first prove it when c is an inclusion. The general
case is reduced to this one in Subsection 3.3.

Lemma 3.4. If c: N — M s an inclusion, then {f,{g,h}} + {g,{h, f}} +{h,{f,g}} =0 for all f,g,h €
= (N,

Proof. Write a; = (v;, df; +¢*3;), and similarly a;, ax, where f; = f, f; = g, fr = h and the v, 5, are smooth
by Lemma 3.1. The c*¢-twisted Courant brackets are
[[ai,abj]]c*q5 = ([vi, 5], Lo, By + duy, dfj — vy, dc” B + ijLvic*qb),
[aj, arlcey = ([vjs ks Lo, Br + duodfy — 1o, dC™Bj + Lo, 10, 0),
lak, ai]-p, = ([vks vi], Loy € Bi + dio, dfi — 1o, d Br + Lo, 1, ).
Isotropy of Ly gives ([a;,a;]_. e ax) = 0 and its cyclic permutations:
0 = df[vi, vj] + < d(vs, vj, vi) + (c*ﬁk[vi,vj] + ¢ Bj[vk, vi] + C*Bl-[vj,vk])
+ (Lo, df;) (i) + (vic™Bi(v;) + v Bj(vi) + vic* Br(vs)),
0 = df;[v;, vi] + c*d(vj, vk, vi) + (¢*Bilvy, vi] + < Br[vi, v;] + ¢ B; vk, vi])
+ (Lo, dfi) (vi) + (vic” Bj(vi) + v Br(vi) + vec™ B (v))),
0 = dfj[vr, vi] + c*P(vk, vi, v;) + (¢*Bjvk, vi] + < Bilvy, vi] + ¢ Br[vi, v])
+ (Lo dfi) (vg) + (05" Bro(vi) + v By (v)) + vic™ B (vr))-
Summing,
0= (dfk[vi, v;j] + df;[vj, v + df; [vk,vi]) + 3¢ o(vi, v5, vk)
+ 3(c* Be[vi, vj] + ¢ Bj vk, vi] + c*Bilvj, vi])
+ ((Lo,df)(vr) + (Loydfi) (vi) + (Lo, dfi) (v5))
+ 3(vkc* Bi(v) + vic* Bj (vi) + vic* Br(vi)).
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Using dfy[vi, v;] + dfi[vj, vi] + dfj[ve, vi] = 2({fs, {f5, fu}} + c.p.) and (L, df;)(vi) + c.p. = {fi, {fj, fu}} +
c.p., and dividing by 3,
{fis A S5 fr}} 4+ ep 4 < o(vs, v5, 1) + (¢ Br[vi, v5] + ¢* B lok, vi] + ¢*Bilvs, vr])
+ (vk€* B (vy) + vic* B (vi) + v;c* B (v;)) = 0.
It remains to show that
c*o(vi, vj, ) + (" Brlvi, v;] + < Bjlvk, vi] + < Bilvs, vi]) + (v Bi(v;) + vic* B (vi) + v Br(vi)) = 0.
This follows from the isotropy of Ly, transported to N. Set by = (c.ve, B¢) € T'(Lnm|n) and extend each to

a smooth section (174755) of Ly over a neighbourhood U of N with ¥y|y = c.ve and Be|ny = Be. Isotropy of
Ly on U gives

6(03, 05, 0r) + (Br[03, 03] + B [0w, ] + Bl 0x]) + (9355 (k) + 03k (80) + 2wBi(T;)) = 0. (3.5)
By naturality of the Lie bracket [31, Proposition 8.30], [#;,%;]|n = c.[vi,v;], 50 Br[ds, ]| N = Br(celvi,vj]),
and likewise cyclically. Restricting (3.5) to N and using c.vy Bs(c.v,) = vg c*B5(v,) gives the claim. O

Corollary 3.5. If c is an inclusion, (C*°(N)¢,{-,-}) is a Poisson algebra.
Remark 3.6. Set
Ly —c*Ly :={(v,a): 38, (v,a+c*B) € Ly, (cuv,B) € Las}.
By (3.3), vy is admissible for f if and only if (vy,df) € Ly — c*Lys. Hence, whenever Ly — c* Ly is smooth,
the bracket (3.4) agrees with the bracket on invariant functions of [34, Corollary 4.8].
3.2. Morita invariance. We now show that the almost Poisson algebra of invariant functions from Defini-

tion 3.3 depends only on the coisotropic Morita equivalence class. This is the algebraic counterpart of [34,
§10]. It will also allow us to extend Lemma 3.4 from inclusions to arbitrary base maps.

Theorem 3.7. Let cy: (C; = N1, Ly,) — (G1,w1,¢1) and co: (Co = Na, Ln,) — (Ga,wa, 2) be coisotropic
Morita equivalent 1-shifted coisotropic structures. Then there is an isomorphism of almost Poisson algebras

U: (CF(N)T, (- h) = (C(N2)®, {}a).
Let KX = P be the Lie groupoid of (2.3), with Morita morphisms ¢, : K — C; and t5: K — Co. Define
v COO(Nl)Cl — COO(NQ)CZ by
U(f)(n2) = f(41(2)), =z €3 (na).

Lemmas 3.8 to 3.12 below show that ¥ is a well-defined isomorphism of almost Poisson algebras; together
they prove Theorem 3.7.

Lemma 3.8. For each f € C®(N,)%, the function W(f) is well defined, smooth and Co-invariant.

Proof. Since 15 is a Morita morphism, ¢9: P — N is a surjective submersion and K is the pullback of Cy
along it [34, Definition 5.1]. Hence, for z,2z’ € P and n € Cy with sa2(n) = 12(2) and ta(n) = ¥2(7), there is
k € K with
s(k) =2, tk)=2, a(k)=n. (3.6)
Let ng € Ny and 2, 2" € 95 ' (ny), which is nonempty. By (3.6) with n = 1,,, there is k € K from z to 2/,
and v := 1 (k) € C; satisfies s1(y) = ¢1(2), t1(y) = ¥1(2’). Since sjf = tif,

fFWi(z) = f(ta (7)) = f(s1(7)) = F(¥1(2)),

so U(f)(n2) does not depend on z.

For smoothness, let U C Ny be an open set over which s admits a smooth section ¢: U — P. Then
U(f)|lv = f o1 o p is smooth, and Nj is covered by such open sets.

For Cy-invariance, let 1 € Cy with sy(n) = ng and ta(n) = nb, and choose z € ¥y H(ng), 2’ € 5 ' (n}). By
(3.6) there is k € K from z to 2/, and as above f(¥1(z")) = f(¢1(2)), that is, ¥(f)(ns) = ¥(f)(nz2). So
S5U(f) = 30 (f). 0
Lemma 3.9. The map ¥ is a unital algebra homomorphism.

Proof. Tmmediate from the definition of ¥ and the pointwise algebra structure on C>(No)¢z. O
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Lemma 3.10. The map ¥ is bijective.

Proof. Define W': C®(Ny)% — C(N)C by W(g)(n1) := g(a(2)) for z € ¢ (ny), well defined by
Lemma 3.8 with the roles of C; and Cy exchanged. For g € C*°(N3)¢2 and ny € Na, choose z € w;l(m).
Then

(T o¥')(g)(n2) = ¥'(9)(¢1(2)) = g(¢2(2)) = g(na).
The identity ¥’ o ¥ = id follows by the same computation with C; and Cy exchanged, so ¥/ = U1, |

The bracket is preserved because admissible vectors can be transported through K. This is where the
connecting 2-form and Lemma 2.1 enter.

Lemma 3.11. Let ny € Ny, z € 95 '(n2), ny 1= 11(2), and g € C=(N,)C. Ifv, € Ty, Ny satisfies condition
(3.3) for g, then for every @ € T, P with 1.(4) = vy, the vector w := 9. (1) satisfies (3.3) for ¥(g).

Proof. Let By € T .\ M; be given by (3.3):

ci(n1)
(vg, dg+ciBy) € Ln,, (C14vg, By) € L, - (3.7)
Differentiating ¥(g) o ¢p3 = g o 11 gives
Py dW(g) = 97 dg. (3.8)
We construct 3’ € T*

ca(n2

(w, d¥(g) +c38) € L, (c2sw, B') € L. (3.9)

From (3.7), (4,47 (dg + ciBy)) € YiLn,. By (2.4), (4, ¥7(dg + ciBy) + 1ad) € ¥5Ln,, so there is a € Ty No
with

(w,a) € Ly,, vYya=17(dg+ ciBy) + tad. (3.10)
Substituting (3.8) into the second identity of (3.10),
Y3 (o —d¥(g)) = i (ciBy) + tad. (3.11)
Recall that § = —h*y + 0fw; — O5ws, with
siof; =c;o1;, t;ob; = p;oh. (312)

Since (c14vq,8¢) € Lar, and s14(014(Q)) = c1.vg, we have (61.(),s78y) € siLar,. By the compatibility
condition of [34, Proposition 3.6] for G; we have

(61:(@), 51y + o, (myw1) € tiLas,, (3.13)
so there is #; with (t1.(01.(@)), B1) € L, and t781 = 7By + tg,. (ayw1. Since t1.(01.(@)) = p14(h«(@)),
(ha (@), 91B1) € 91Ln, - (3.14)

Lemma 2.1 gives ¢iLn, = @5Ly, + 1y, 80 (he(@), o161 — th.@)Y) € @5Ln,. Hence there is By with
(924 (hu(@)), B2) € Ly, and
382 = ©1P1 — th.(a) - (3.15)
By (3.12), 024 (hs (1)) = tox (024 (1)), s0 (02+(1),t582) € t3Lar,. For Go, we have (02.(1),t582 — tg,, ()w2) €
ssLar,. Since so.(024(@)) = cosw, there is §/ with (co.w, 8') € Ly, and
50" = t302 — Lo, (a)Wa- (3.16)
It remains to verify ¥3(c38") = ¥{(ciBy) + tad. By (3.12), ¢5(c38") = 05(s54’), and applying (3.16), (3.15),
(3.12) and (3.13) in turn,
05(s38') = 03(t582) — ta(O3w2)
= (p2 0 h)" B2 — ta(f5w2)
= h*(e1B1 — th.@)Y) — ta(Bw2)
= (pr1oh)"Br —ra(h™y) — ra(b5w2)
= 07(t151) — va(h™y) — va(fow2)
= 01(s184) + ta(0rwr) — va(h™y) — ta(f5ws)
= 7 (c1By) + tad.
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Since 1)y is a submersion, (3.11) gives a = d¥(g) + c5f’. With (w,«) € Ly, and (ca.w, 3') € Lyy,, this is
(3.9). O

Lemma 3.12. Y ({f,g}1) = {¥(f),¥(g)}2 for all f,g € C®(N;)*.

Proof. Fix ny € Ny, pick z € ¢y '(ng), and set ny := 1 (z). Let vy € Ty, N1 be admissible for g at nq,
so {f,g}1(n1) = df(vg). Choose @ € T,P with ¢1.(2) = vy and set w := 12.(@). By Lemma 3.11, w
is admissible for U(g) at ng, so {¥(f), U(g)}2(n2) = d¥(f)(w). Differentiating U(f) o 1o = f o9y gives
W5 dW(f) = v} df, hence

{W(f), W(g)}ta(ne) = d¥(f)(w) = o1 df (@) = df (vg) = {f, g}1 ().

By Lemma 3.8, W({f, g}1)(n2) = {f. g}1(n1). O
Proof of Theorem 3.7. By Lemma 3.8, W(f) is well defined and smooth; by Lemma 3.9, ¥ is a unital
algebra homomorphism; by Lemma 3.10, it is bijective; by Lemma 3.12, it preserves brackets. ([

3.3. Reduction to inclusions and functoriality. We now show that every 1-shifted coisotropic struc-
ture is coisotropic Morita equivalent to one whose base map is an inclusion. Combined with Lemma 3.4
and Theorem 3.7, this gives the Jacobi identity in general.

Let G =% M be a Lie groupoid, N a manifold, and pr,;: N x M — M the projection. The pullback Lie
groupoid is

priy G = (N x M) x (N x M)) Xspr,, G = N x M,

with structure maps inherited from G. The projection pr := (pry, pry,): pr!M G — G is a morphism, and
when (G,w, ¢) is quasi-symplectic, (pry,; G, pr* w, pri, ¢) is Morita equivalent to (G, w, ¢) by [51, Proposition
4.8]. For a morphism c: C = N — G = M, define the lift ¢: C = N — pr, G = N x M by

&(g) = ((s(g), cs(9)), (t(g), ct(9)). c(g)), E(n) = (n,c(n)).
Its base map n — (n,c(n)) is an inclusion.
Proposition 3.13. Letc: (C = N,L) = (G = M,w, ¢) be a 1-shifted coisotropic structure. Then:
(1) &: (C= N,L) — (pry; G = N x M,pr* w,pri, ¢) carries a 1-shifted coisotropic structure;
(2) c and € are coisotropic Morita equivalent.
Proof. By [51, Proposition 4.8], (pr* w, pr}, ¢) is quasi-symplectic, and pr is a Morita morphism since pr,, is a

surjective submersion. The span G & pr!M g 1, pr!M G with v = 0 satisfies (2.5), so it is a symplectic Morita
equivalence [34, Lemma 6.3]. Take K = C, ¢ =13 = id and h = € in (2.3). Since proC = c, both natural
transformations are identities, and the connecting form (2.4) vanishes because 1*w = 0 for a multiplicative
form. [34, Theorem 7.2] gives (1), with the same L, and (2). O

Theorem 3.14. FEvery 1-shifted coisotropic structure c: C — G induces a Poisson algebra structure on

C>(N)C, defined by (3.4).

Proof. By Proposition 3.13, c is coisotropic Morita equivalent to ¢, whose base map is an inclusion. The
bracket on C>°(N)¢ defined by € satisfies the Jacobi identity by Lemma 3.4, and Theorem 3.7 transports it
to C(N)C. O
Corollary 3.15 (Morita invariance). Ifc;: C; — Gy and ca: Co — Ga are coisotropic Morita equivalent, then

C>(N1)% and C>(N32)®? are isomorphic as Poisson algebras.

Together with Theorem 3.14, this proves Theorem B from the introduction.
The construction is functorial with respect to coisotropic Morita equivalences, composed by homotopy
fibre product as in [34, §8.3]. On objects, we write

Q(C,C, L) = (COO(N)Cv {'7 })
For a Morita equivalence K = P with Morita morphisms ;: K — C;, let 7 (K) be the Poisson algebra

isomorphism U(f)(n2) = f(¢1(2)) of Theorem 3.7. The identity equivalence C Mdelde gives the identity.
For composable equivalences K15 and Koz with composite Kq3 1= Kqo XZZ Koz, write ¥;; := J(K;;). For
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f € C°°(N1)% and n3 € N3, choose 223 € (¢§23))—1(n3), set ng 1= w%zS)(ZQS), and choose 213 € ( 512))_1(712).
Since (212, Ln,, z23) is an object of K13 lying in (¥8"*)~1(ns),

Uis(f)(ns) = F(0 (2120 Lngs 223)) = F (91D (212)) = Wia(f)(n2) = (Va3 0 W1a)(f) (n3).
Hence

T (Kaz 0 K12) = T (Ka3) 0 7 (K12).

Remark 3.16. This compatibility can be formalized as a functor between categories by extending the partial
category of coisotropic Morita equivalences to a genuine category using the Wehrheim—Woodward trick [49].
We do not pursue these details here. For comparison, see [21, §§3.2-3.3], where this construction is carried
out for 1-shifted Lagrangian correspondences.

3.4. Examples. The Poisson algebra of Theorem 3.14 recovers the following familiar constructions.

Example 3.17.

(1) Coisotropic reduction. Let (M, ) be a Poisson manifold and N C M a coisotropic submanifold, with
characteristic foliation 7 = w(T'N°). For the 1-shifted coisotropic of Example 2.4(1), the invariant
algebra is C°°(N)”, with bracket

{f’g}:{F7G}M|Na

where F, G extend f,g and their Hamiltonian vector fields are tangent to N. Indeed, (vg4,S8,) =
(—7(dG)|n, —dG|n) is admissible in (3.3). This recovers the usual coisotropic reduced bracket.

(2) Hamiltonian reduction. A 1-shifted coisotropic on the trivial quasi-symplectic groupoid {*} = {x} is
equivalent to a Lie groupoid C = N with an untwisted Dirac structure Ly satisfying s*Ly =t*Ly
and for which pe: Aec — ker Ly is bijective; see [34, Proposition 3.11]. If the orbit space N/C
is smooth and the quotient map is a submersion, then Ly is the pullback of a Poisson structure
on N/C [34, Corollary 5.11]. More generally, without requiring the quotient to be smooth, §3.1
constructs a Poisson bracket on C*°(N)C. Explicitly, {f, g} = df(v,), where v, is any vector field
satisfying (vg,dg) € L.

In particular, the fibre product of two 1-shifted coisotropics C; — G < Cs is a 1-shifted coisotropic
over a point (under suitable regularity hypotheses) and hence induces a Poisson algebra as above;
see [34, §4]. Under these hypotheses, this principle recovers symplectic reduction [33, 37] and quasi-
hamiltonian reduction [1], as explained in [9, 10, 43, 11, 3], as well as symplectic reduction along a
submanifold [20, §6] and reduction of strong Dirac maps [4, §5].

4. HoMOTOPY POISSON STRUCTURES ON 1-SHIFTED COISOTROPICS

The goal of this section is to construct the flat P, -structure associated with a regular infinitesimal
1-shifted coisotropic, as stated in Theorem C. We begin with a pre-Poisson submanifold N of a Poisson
manifold (M, 7). The derived-bracket construction of Cattaneo and Felder does not apply when N is not
coisotropic. We instead embed N coisotropically in a Poisson transversal and transport their structure. We
then reduce the general case to this construction through local Poisson models, prove independence of the
auxiliary choices, and compare the resulting bracket in degree zero with the Poisson algebra of §3.

4.1. Preliminaries on L., -algebras, P, -algebras and Maurer—Cartan elements. We recall the def-
initions and basic properties used below, fixing our sign conventions and following [30, 45, 47, 46].
An L., -algebra is a graded vector space a = @ ;j a’/ over a field k of characteristic zero, together with

multilinear maps £, : a®* — a of degree 2 — k for k > 0 (with a®° := k), which are graded skew-symmetric,

le(ag(rys - Aoy) = X(050) U (an, ..., ax), o€ Gy, (4.1)
and satisfy, for every k > 0 and all homogeneous a,...,ar € a,
k
Z Z (-=1)"* =) x (03 a) gk*ﬂrl(gi(aa(l)y e lg(3))s Qg (id1)s - - - 7aa(k)) =0. (4.2)

i=0 o€Sh(i,k—i)

2By abuse of notation, we use the same letter 7 for the anchor 7f: T*M — T M.
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Here Sh(i,k — i) is the set of permutations ¢ of {1,...,k} with o(1) < -+ < 0(i) and o(i + 1)
-+ < o(k), and x(o;a) = sgn(o)e(o;a) combines the signature of o with the Koszul sign (c;a)
(_1)Zp<q, o@>o(a) [ ao@]

The element ¢, € a? is the curvature. For k = 0, (4.2) reads ¢1({y) = 0; for k = 1 it reads £3 = —{5({o, ).
We call a flat if /o = 0; in that case ¢; is a differential.

A

Our main source of examples is Voronov’s higher derived bracket construction [47, 46]. A curved V-
datum is a quadruple (g, a, P,II): a graded Lie algebra g, an abelian graded subalgebra a C g, a projection
P: g — a whose kernel h := ker P is a subalgebra, and an element II € g* with [II,1I] = 0. The derived
brackets

{ala R ak} = P[ t [[H7a1]a a2]7 e ,ak] (k > 1)7 {@} = P(H)a
are graded symmetric of degree 1 with respect to the grading of g. They satisfy the curved Lo, [1]-relations:
for every k > 0,
Z Z 8(0’;@) {{ao(l),...,aa(i)},aa(i_,_l),...,aa(k)} :0,
i+j=k o€Sh(i,j)

where €(o; a) is the Koszul sign for the grading deg. The proof uses [II, IT] = 0, [a, a] = 0, the Jacobi identity
in g, and the fact that b is a subalgebra. To pass to the conventions above, regrade a by |a| := deg(a) + 1
and set

te(ar,. .. ap) = decy(a) {ar,...,ar},  decg(a) = (—1)Zi=mk=dlasl g~ p(I). (4.3)

The sign decy(a) is the Koszul sign of (s71)®* for the desuspension s~! of degree —1, and it intertwines
the Koszul-symmetric relations above with (4.1)—(4.2): decg(as) x(0;a) = decg(a) e(o; a) for every o € &y.
Then ¢j, has degree 2 — k and satisfies (4.1) and (4.2), and (a, {¢x}) is flat exactly when P(II) = 0, for instance
when II € b [16, §2.6].3

An Lo -morphism o: (a,/;) ~» (¢, £}) between flat L,-algebras is a collection of graded skew-symmetric
maps o : a®* — a’ of degree 1 — k, k > 1, satisfying, for every k > 1,

Z Z (—1)i(j_l) X(O’;a) 0j (Ei(ag(l),...,ag(i)),aa(iﬂ),...,ag(k)>

i+j=k+1 oeSh(i,k—i)
1,j>1

i (4.9
Z— Z Z X' (o3 a) E;(gkl(aa(l),...,ag(kl))7...7ri(ag(k_kr+1),...7ag(k)))7

o r!
r=1 " ky+-thky=k o€Sh(ki,....k,)
ko>1

where, for K := ky +--- + kg,
¥(030) = (@3 0) (=1) Sima (=)o) (L) ima G0 (ol oo, )

The last factor is the Koszul sign of moving gy, of degree 1 — kg, past the arguments preceding its block; the
middle factor depends only on the arities. For k& = 1 this gives p1¢1 = ¢} 01. We call g a quasi-isomorphism
if 01 induces an isomorphism on cohomology, and an isomorphism if p; is bijective. It is strict if o =0
for every k > 2; since deg o1 = 0, (4.4) then reduces to p1(¢x(a1,...,ax)) = £,.(01(a1),...,01(ax)) for k > 1.
Between differential graded Lie algebras, a strict Lo,-morphism is a morphism of DGLAs.

We write Lo-morphisms as o: (a,¢) ~ (a’,¢'), and identify a strict Loo-morphism with its linear compo-
nent g;. Decorated letters g, denote L.,- or A,-morphisms, and U denotes the formality morphisms of
Section 5.

A P,.-algebra [16] (or homotopy Poisson algebra [35, Definition 2.1]) is a graded commutative associative
k-algebra a with an L -structure {¢;}r>0 whose brackets are multiderivations: for every k > 1 and all
homogeneous ay,...,ax_1 € a, the map a — lx(ay,...,ax—1,a) is a graded derivation of degree 2 — k +
le;ll las|. For k =1 this says that ¢; is a derivation of degree 1. If a is flat, ¢; is a differential, the case
k =2 of (4.2) says that ¢; is a derivation of the bracket ¢35, and the case k = 3 says that ¢y satisfies the

3The sign (—1)Z:(i=1) deg(ai) displayed in [16, §2.6] does not satisfy (4.2) for k = 2. This does not affect [16]: the structure
of Proposition 2.1 there is obtained through Proposition 4.4, and the décalage of Appendix A.6 is the Koszul sign of s®¥ which
differs from decy, by (—1)k(—1)/2,
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graded Jacobi identity up to the ¢1-homotopy £3. Hence the product and ¢5 descend to ¢;-cohomology, which
is therefore a graded Poisson algebra.
We often transport P..-structures along algebra isomorphisms.

Lemma 4.1. Let ®: a — b be an isomorphism of degree 0 between graded commutative associative algebras,
and let {02} k>0 be a Pu-structure on b. Define £$ := @~ o (8 0 ®®F for k> 1, and £§ := ®~1(£§). Then:
(1) {€}r>0 is a Puo-structure on a, flat if and only if {{3}r>o is, and ® is a strict isomorphism of
Loo-algebras.
(2) If moreover dq: a — a is a linear map of degree 1 with ® o dq = (% o ®, then €% = d,.
(3) Let ®': o — b be another such isomorphism, {2} a P -structure on &' with transport {¢&}, and
0: (b,0°) ~ (b’,f[’/) an Loo-morphism. Then ® 1o g, 0 ®®% k> 1, is an Loo-morphism (a,£%) ~
(a’,ﬁa/), which is an isomorphism if and only if o is

Proof. Since ® is an algebra isomorphism of degree 0, it preserves Koszul signs and multiderivation properties.
Conjugation by ® therefore carries the relations (4.2) for {¢£} termwise into the same relations for {¢¢}. Part
(2) is immediate from the definition of ¢¢. For (3), the signs x and x’ in (4.4) depend only on degrees, which
® and P’ preserve, so conjugation carries (4.4) for o termwise into the same relation for the transported
maps. (|

Remark 4.2. Let t € k*. If {{;}x>0 is a Px-structure on a, then so is {t*=1¢;};>0: in (4.2), the term
Cr—iz1 0 ¢; acquires the factor t(F=D+0=1) = ¢k=1 ipndependent of i, and multiderivations and flatness are
preserved. Likewise, if ¢ is an Ls.-morphism, then {tkilgk}kzl is an Ls.-morphism between the rescaled
structures, since both sides of (4.4) acquire the factor t*~!; it is an isomorphism, respectively strict, if and
only if p is. The rescaling fixes /1 and multiplies {5 by t.

For t = —1 it has the following description. The parity automorphism D(a) := (—1)la of a satisfies
D71 ot o D¥F = (—1)¥¢),, because ¢} has degree 2 — k. If ¢, = 1! is obtained from a curved V-datum
(g,a, P,TI) by (4.3), then £, "1 = —¢I, hence

(~)* 1l =D o Mo DR (k> 0).
Thus the rescaled structure is the derived-bracket structure of —II, conjugated by D.

Let a be a differential graded Lie algebra over k. A filtration on a is a decreasing sequence of graded
subspaces a = FFoq O FFotlg 5 ... indexed by integers k > ko with kg < 1 and the convention F*a = a
for k < ko, such that d(F*a) C F*a and [F*a, Fla] C F**la. It is complete if the canonical map a —
lm, a/F*a is an isomorphism.

If a is complete and X € F'a®, then adx (F*a) C F¥*la, so exp(adx) and % =D k>0 m ad®
converge on a. The Maurer—Cartan equation is

dw+ iw,w] =0, weF'a', (4.5)
and MC(a) denotes its solution set in Flal. For X € F'a° the gauge action is

_expladx) —1

X -w:=exp(adx)w (dX). (4.6)

adX

It preserves MC(a), and the Baker—Campbell-Hausdorff product (X,Y) + X Y makes F'a® a group acting
on MC(a). Two Maurer—Cartan elements in the same orbit are gauge equivalent; see [25, 5, 52].

Remark 4.3. If d = 0, then dX = 0, the second term of (4.6) vanishes, and
X w=exgp. (4.7)
This applies to the graded Lie algebra of multivector fields used in Section 5.

An L.,-morphism ¢ = (g1, 02,...): g ~ g’ between complete filtered differential graded Lie algebras is
filtered if

on(Fr1g,... . Frrg) c Fotothng' (n>1). (4.8)
For o € Flg!' we set
1
o) := Zﬁgn(a,...,a). (4.9)
n>1
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The n-th term lies in F™g’, so the series converges.

Following [28, Definition 3.3], two filtered L.,-morphisms g, ¢’: g ~ g’ are homotopic if they are homo-
topy equivalent Maurer—Cartan elements of the convolution L.-algebra, filtered as in [28, Eq.(22)]. We use
the next lemma to transport gauge equivalences along formality morphisms in Subsection 5.3.

Lemma 4.4. Let o: g ~ ¢ be a filtered Lo-morphism between complete filtered differential graded Lie
algebras. Then:
(1) ox maps MC(g) to MC(g');
(2) o0« maps gauge equivalent elements to gauge equivalent elements;
(3) if 0 and o are homotopic filtered Lo,-morphisms, then o. and ¢!, induce the same map on gauge
equivalence classes.

Proof. (1) is [28, Lemma 2.7(iii)], which goes back to Dolgushev. (2) is [28, Proposition 2.15], stated there for
the homotopy relation; for differential graded Lie algebras with complete filtrations the homotopy relation

and the gauge relation coincide [28, Theorem 2.12]. (3) is [28, Proposition 3.5(iii)], whose proof is given in
8]. O

4.2. The Cattaneo—Felder construction. Let N be a submanifold of a Poisson manifold (M, ). Let g
be the graded Lie algebra of multivector fields on the formal neighbourhood of NV,

g =lim C¥(ATM)/I}; C=(A\*TM),

where Ty is the ideal of functions vanishing on N. In coordinates (21, ...,Zm,y1,...,¥Ys) in which N is the
locus y; = --- = y, = 0, the algebra g is generated by C*°(z1,...,2m)[y1,- .., yn], by the % and by the
%. The class of 7 is a Maurer—Cartan element of g.

Suppose first that N is coisotropic and let vy := TM|y/TN be its normal bundle. Then vy, is a Lie
algebroid over N, and

by = C®(A*vN)

is an abelian graded Lie algebra with a surjection P: g — by, restriction to N followed by the projection
TM|y — vn. A tubular neighbourhood of N in M gives an inclusion j: by < g for which P is a projection
onto by. Explicitly, a tubular neighbourhood identifies a neighbourhood of N in M with a vector bundle
prp: E — N. Since TE|xy = TN @ kerdprg, we may identify vy with kerdpry |y € TM|y, and the

inclusion vy — TM|y extends to by < g. In coordinates, the image of by is generated by C°(x1, ..., Zm)
and the 8%_, an abelian Lie subalgebra of g. One checks that
Pla,b] = P[Pa,b] + Pla, Pb] (4.10)

for all a,b € g. Since by is abelian and P is a projection, (4.10) says that ker P is closed under the Schouten
bracket, so (g,by, P,m) is a curved V-datum in the sense of Subsection 4.1. Voronov’s construction then
makes by a P-algebra, flat because P(m) = 0 by coisotropy. Up to the sign conventions of Subsection 4.1,
this is the Cattaneo—Felder P -structure [16, Proposition 2.1].

4.3. Reduction to the coisotropic case. Recall that N is pre-Poisson if TN + w(TN°) has constant
rank [19]. Let N be pre-Poisson. Then L := 7~}(TN)NTN°® is a Lie subalgebroid of T*M for the Lie
algebroid structure induced by 7, and the natural candidate for the P.-algebra is a := C*°(A®*L*). Since
7 Y TN)° = m(TN°®), the sequence

0—L—T*M|y — (TN +a(TN°))" =0 (4.11)

is exact; the bundle TN + w(T'N°) is smooth because N is pre-Poisson.

The two ingredients of Subsection 4.2 still exist in this setting. Dualizing (4.11) gives a surjection TM |y —
L* with kernel TN + w(TN°), which extends to a projection P: g — a, and a tubular neighbourhood of
N in M gives an inclusion j: a <— g as an abelian subalgebra with P o j = id. However, P satisfies (4.10),
equivalently ker P is a Lie subalgebra of g, if and only if N is coisotropic. When N is not coisotropic,
(g,a, P,m) is therefore not a curved V-datum, and the P.-structure on a cannot be obtained by derived
brackets inside M. We proceed differently and change the ambient manifold instead of the algebra: we
replace M by a smaller Poisson manifold S D N in which N is coisotropic, and import the flat structure
that Subsection 4.2 provides there.
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Cattaneo and Zambon [19, Theorem 3.3] proved that every pre-Poisson submanifold N C (M, ) sits
coisotropically inside a Poisson transversal (cosymplectic) submanifold S C M, unique up to neighbour-
hood equivalence: given two such S and S’, after shrinking both to tubular neighbourhoods of N, there is a
Poisson diffeomorphism ¢: S — S’ restricting to the identity on N [19, Theorem 4.3].

Set vg :=TS|n/TN and bg := C*(A®vg). By [19, Proposition 3.6], restriction of covectors

rs: L—=wvg, rs(§) =¢&lrs|y (4.12)
is an isomorphism of Lie algebroids onto the conormal bundle v of IV in S, inverse to the extension
isomorphism constructed there. Dualizing gives an isomorphism of graded algebras

Pg:=A*(r5) ' a=C®(A°L*) — bg. (4.13)
Since S is a Poisson transversal, it carries a canonical Poisson structure in which N is coisotropic. The

construction of Subsection 4.2 with S in place of M yields the graded Lie algebra

gs = @ COO(/\'TS)/I](} C™®(NTS),
with Maurer—Cartan element mg € gg the class of the Poisson bivector of S. A tubular neighbourhood % of
N in S determines an inclusion jg: bg < gs and a projection Ps: gs — bg,

Ps(X) := (A* prg)(X|n),

where prg: T'S|y — vg is the projection. The Cattaneo—Felder construction applied to N C S makes bg a
flat P,.-algebra with E‘l’s the Chevalley-Eilenberg differential of v§. Its brackets are the derived brackets in

the conventions of Subsection 4.1, rescaled as in Remark 4.2 with ¢t = —1: for homogeneous b, ...,b; € bg,
with |b;| the exterior degree, set £(b) := (—1)k~1 dec(b) = (fl)k’HZf:l(k*i)'bi‘, with decy, as in (4.3); then
095 (by, ..., bg) = e(b) Ps[- - [ms,5s(b1)], ..., js(bw)], €5° = —Ps(ms) =0. (4.14)

The vanishing of £3° is the coisotropy of N in S. The factor (—1)*~! leaves £95 unchanged and reverses the
sign of ZSS ; it is chosen so that f5 induces the reduced Poisson bracket, see (4.16). It remains to transport
this structure to a along ®g.

Proposition 4.5. Let S C M be a Poisson transversal with N coisotropic in S, and let ¢ be a tubular
neighbourhood of N in S. Then a carries a flat Py -structure {EZ’S‘w}kZO with €$’S’w =dy.

Proof. By Lemma 4.1 applied to ®g, the maps KZ’S’w = <I>§1 0625 o @?k form a flat P,.-structure on a. Since
Zi’s is the algebroid differential of v§ and rg is an isomorphism of Lie algebroids, ®gody = éi’s odg, so
Lemma 4.1(2) gives (5% = dj. O

4.4. Independence of the choices. The structure of Proposition 4.5 depends on the Poisson transversal
S and on the tubular neighbourhood 1. We show that its L,,-isomorphism class does not. There are two
comparisons. Two transversals are compared through the Poisson diffeomorphism of [19, Theorem 4.3] and
a tubular neighbourhood of N in S’ adapted to v; this comparison is strict (Lemma 4.7). Two tubular
neighbourhoods inside a fixed S are compared through [17, Theorem 3.2]; this comparison need not be strict
(Lemma 4.8). Theorem 4.9 composes the two.

The first comparison is a special case of a naturality statement that we will reuse in Subsection 4.7, so
we state it in that generality.

Lemma 4.6 (Naturality). Let ©: (M, n) — (M',7') be a Poisson diffeomorphism between neighbourhoods
of pre-Poisson submanifolds N C M and N’ C M', with ©(N) = N'. Let S C M be a Poisson transversal
containing N coisotropically, 1 a tubular neighbourhood of N in S, and set S’ := O(S), A :=v(O|g): vs —
vsr and ' == Qoo ATl Let ©p: L — L' be the restriction of the cotangent lift (dO~1)* and © :=
A*(O%)" i a—a/. Then S’ is a Poisson transversal containing N’ coisotropically, ' is a tubular neigh-
bourhood of N’ in S', and © is a strict isomorphism of Leo-algebras from (a, {EZ’S’w}) to (o', {C} S0,
Proof. Since © is Poisson and ©(N) = N’, the image S’ is a Poisson transversal in which N’ is coisotropic,
and ¢ := O|g: S — S’ is a Poisson diffeomorphism with ¢(N) = N’. Set
0:=N*A:bg > bg, YT:=A%0s:gs — gsr-
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Pushforward of multivector fields commutes with the Schouten bracket, and ¢(N) = N’, so T is a morphism
of graded Lie algebras with T(wg) = mg,. From the definitions of Ps and jg, and ¢’ o A = @ 0 t), we get
PsioYT =00 Ps and Y o jg = jg 0 6. Since 0 preserves degrees, £(6b) = (b), and (4.14) gives, for every
kE>1,

0(£55 by, ..., by)) = e(b) Ps: (T[n-[[ﬂg,jg(bl)],js(bg)],...7js(bk)])
= &(b) Ps: [+ - [[msr, g (0b1)], 35 (0b2)], - - -, jsv (6b)]
= 005 (b, ..., 0by,),

while ESS =0= ESS'. As 6 is an isomorphism of graded algebras of degree 0, it is a strict Loo-isomorphism.
Restriction of covectors commutes with dO©, so rg: 0O = (A71)* org, hence fo g = g 0O. Combining
this with ®g o ZZ’S’w = 0% 0 ®Z* and the strictness of 6,

-~ _ _ b _ b ~ ’ ’ ’ -~
B0y = 05l BYF = DM 9PF DGR = B BRFOE = ()5 0 %k

for every k > 1, and @(ﬁg’s’w) =0= ZSI’S/’W by flatness. Being a composite of algebra isomorphisms, 0O is
bijective, so it is a strict Loo-isomorphism. O

Lemma 4.7. Let S,S5" C M be Poisson transversal submanifolds containing N coisotropically, and fix a
tubular neighbourhood ¢ of N in S. Then there are a tubular neighbourhood ' of N in S’ and a strict

isomorphism of Log-algebras W (a, {£2°%}) — (a, {EZ’S/’W}).

Proof. By [19, Theorem 4.3] there is a Poisson diffeomorphism ¢: S — S’ with ¢|y = idy, defined after
shrinking S and S’ to smaller tubular neighbourhoods of N. Since gg, s and bgs depend only on the germ
of S along N, and likewise for S’, we may regard ¢ as defined on all of S. Let A: vs — vg be induced by ¢,
' = porpoA! and § := A®A: bg — bgs. The first part of the proof of Lemma 4.6 applies verbatim with ¢
in place of ©|g: it uses only that ¢ is a Poisson diffeomorphism with o(N) = N and ¢’ o A = @ 0, and shows
that 6 is a strict isomorphism (bg, {Zzs’w}) — (bgr, {ézs/’w/}). Conjugating by the algebra isomorphisms ®g
and ®g/ of (4.13), the map W := &g 0o Pg is a strict isomorphism of Le.-algebras from (a, {éZ’S’d’}) to
a,S’ ¢’
(a, {677 1) O

Lemma 4.8. Let S C M be a Poisson transversal containing N coisotropically, and let 1,1’ be tubular
neighbourhoods of N in S. Then (a, {£5Y}) and (a, {£%%}) are Loo-isomorphic.

Proof. By [17, Theorem 4.3], whose proof checks the hypotheses of [17, Theorem 3.2] for an isotopy between
1 and ¢, there is an Lo-isomorphism ¢ = {o;}x>1 from (bg, {ézs’w}) to (bs,{ézs’w,}) with p; bijective.
The structures compared in loc. cit. are the graded-symmetric higher derived brackets {---}* and {---}*' of
Voronov, that is, the brackets Ps[- - - [rs,7s(")], .., 7s(:)] of (4.14) before the sign £(b) is applied [17, Remark
4.1], and p is an Ly[1]-isomorphism between them. Applying decy of (4.3) to its components converts it
to a morphism for (4.4), because dec carries the symmetric morphism relations to (4.4) with the sign x’
specified there, and the rescaling of Remark 4.2 with ¢ = —1 then gives a morphism between the structures
(4.14); this conversion is independent of the desuspension convention used in loc. cit., as only the symmetric
structures enter. We transport ¢ to a.

By Lemma 4.1(3) with ® = & = &g, the maps @5 0 g 0 ®Z* form an L.-isomorphism from (a, {éZ’S’w})
to (a, {£25V')). O

Theorem 4.9. The P, -structure on a is independent, up to Lo.-isomorphism, of the choice of Poisson
transversal submanifold S C M containing N coisotropically and of the tubular neighbourhood ¢ of N in S.

Proof. Let S, S’ C M be Poisson transversals containing N coisotropically, with tubular neighbourhoods

of N in S and ¢” of N in S’. Let ¢’ be the tubular neighbourhood of N in S’ adapted to 1 as in Lemma 4.7,

and let U be the resulting strict isomorphism from {Ez’s’w} to {EZ’S/’W}. It is bijective of degree 0 and
satisfies o
Wo (5 = 250 0wk for every k > 0. (4.15)
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By Lemma 4.8 applied to ¢' and ¢ inside S’, there is an Lo-isomorphism ¢ = {0y }x>1 from {EZ’S/’W} to
{KZ’SI’M} with g; bijective. By (4.15), {££"¥¥} is the transport of {KZ’S/’W} along ¥. Hence Lemma 4.1(3),
with @ = ¥ and & = id, shows that the maps g5 o0 ¥®*¥ form an L..-isomorphism from (a, {EZ’S’w}) to
(a, {5, O

4.5. Relation to symplectic reduction along a submanifold. Crooks and Mayrand [20, Proposition
2.23] attach a Poisson algebra to a pre-Poisson submanifold: the functions on the quotient of N by a stabilizer
subgroupoid. We show that this algebra is H°(a,#;) with the bracket induced by f;. Both constructions
pass through a Poisson transversal containing N coisotropically, so we may compute the two brackets inside
the submanifold S used to define the P.-structure; the comparison is then pointwise.

A stabilizer subgroupoid of N is an isotropic Lie subgroupoid H = N with Lie algebroid L, inside
a symplectic groupoid integrating (M, n) [20, Definition 2.8]. We assume throughout that A is source-
connected. Its orbits are then the connected integral leaves of pr(L). When N/H is a manifold, ¢: N —
N/H denotes the quotient map. Fix a Poisson transversal S containing N coisotropically and a tubular
neighbourhood with projection p: U — N. Write £}, := Ez’s’w and r := rg for the isomorphism (4.12). We
write {-,-} for the bracket of S and {-,-}, for that of M. For f € C(S) and F € C(M) we write
Xf = mg(df) and XM := 7(dF) for the Hamiltonian vector fields. Given f € C*°(N), a function F' € C*°(V)
on an open neighbourhood V of N in M is an admissible extension of f if F|y = f and dF (W(TNO)) =0
along N.

By Proposition 4.5 the algebra a is flat and ¢, = d. On a® = C*°(N) we have (df)(£) = L,, &) [, so

H°(a,t1) = {f € C*(N) : df (pr(L)) = 0}.
By [20, §2.5], pr.(L) = TN N7(TN®) is the distribution tangent to the orbits of H, so H%(a, ;) = C®(N)™.
Since a is flat, £ descends to H*(a,¢1) and makes (C>(N)*,(5) a Poisson algebra.
Since ®g is the identity in degree zero, (4.14) gives

6(f,9) ={p"f,p"gt N, fr9€ CF(N). (4.16)
Indeed e(f,9) = —1 and [mg,p* f] = —7s(dp* f) in the convention [X,h] = X (h) for the Schouten bracket,
with 7(a) := m(a,-) and {h, 1’} := 7 (dh,dh'), so lo(f,g) = —([rs,p" f)(p*9)In = {p" f.p"g}|n-

Proposition 4.10. (1) Forall f,g € H(a, /1) and all admissible extensions F, G of f and g respectively,

l(f,9) ={F, Gluln.
(2) If N/H is a manifold and q is a submersion, then

" (CN/H) s dyn) = (H (0, 00), 62)
s an isomorphism of Poisson algebras.

Proof. The function {F, G} |n does not depend on the admissible extensions (cf. the proof of [20, Proposi-
tion 2.23]). Indeed, if F|y = 0 and dF(7(TN°)) = 0 along N, then dF € TN° N7~ '(T'N) = L along N, so
XM|y € (L) C m(TN°), which dG annihilates; hence {F, G} |y = dG(XM)|n = 0, and symmetrically in
G. Tt is therefore enough to exhibit one pair of admissible extensions for which the identity holds.

Since S is a Poisson transversal, TM|s = T'S @ w(T'S°), so w(T'S°) realizes the normal bundle of S in M.
The tubular neighbourhood theorem provides a projection pry,: W — S, defined on an open neighbourhood
W of S in M, with pry, |s = ids and kerdpry, |s = 7(T'S°). Set V := pry;} (U), an open neighbourhood of
N in M, and

Fi=(popry)™f, G:=(popry)’g € C=(V).

Then F|y = p*f and G|y = p*g. Hence F|y = f and G|y = g, and dF and dG annihilate kerdpry, =
m(TS°) along S. By the proof of [20, Proposition 2.23], 7(TN°) = pr(L) ® n(T'S°). Also, dF|ry = df
annihilates pr,(L) because f € H%(a, ;). Hence F is an admissible extension of f, and likewise G is one of
g.

Fix z € N. Since dF, annihilates 7(7,.S°) and 7(T,.S°)° = 7~ }(T1,S), we have dF, € 77 1(T,S). As Sisa
Poisson transversal, restriction of covectors 7~ 1(T},S) — TS is bijective, and 7g is defined by mg(€&) = m(€)
for £ the preimage of ¢ [20, §2.2]. Since dF, restricts to d(p* f)s,

X' (x) = w(dF,) = w5 (d(p" f)) = X} p(2) € TS,
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Therefore {F, G}y (z) = dG, (XM (2)) = d(p*g)w(X;?*f(x)) = {p*f,p*g}(x), which is £s(f, g)(z) by (4.16).
For (2), ¢* identifies C*(N/H) with C>(N)* because ¢ is a submersion, and by (1) it carries {-, -} n/x
to 62. O

4.6. Local models for infinitesimal 1-shifted coisotropics. We now pass from pre-Poisson submanifolds
to regular infinitesimal 1-shifted coisotropics. We replace each twisted Dirac manifold by a twisted Poisson
local model in which it embeds coisotropically, and the map c by its graph, which is a pre-Poisson submanifold
once the twist is removed. The P, -structure is then transported along a canonical isomorphism between B,
and the Lie algebroid of this graph.

Let (M, Lys,¢) and (N, Ly,1) be twisted Dirac manifolds, and let ¢: N — M be a smooth map such
that c*¢ = ¢ and

B, = {((v,a), (w,ﬁ)) ceLyxLy:cov=w, a= C*B} (4.17)

has constant rank; that is, (¢, Ly, Las) is an infinitesimal 1-shifted coisotropic [34, Definition 3.13]. Then
B. is a Lie algebroid over N with anchor pB((v, a), (w,ﬁ)) =0, and pry: B — Ly is a morphism of Lie
algebroids.

Write Epy := Ly NTM and Ey := Ly NTN. The triple (¢, Ly, Lys) is a regular datum if Ey; and
En have constant rank. Set a := C*°(A®BY).

We first build a local model that replaces a twisted Dirac structure by a twisted Poisson one, together
with a canonical lift of L to the model.

Lemma 4.11. Let (M, L, ) be a twisted Dirac manifold such that E := LNTM has constant rank. Fix
a complement TM = E @V, and let pry: TM — E be the projection along V. Let p: E* — M be the
bundle projection, v: E* < T*M the inclusion v(n) = noprg, and 0 the tautological 1-form on T*M. Set
Q= —d(¢*0). Then there is a neighbourhood S of the zero section j: M — E* such that the following hold.
(1) There is a p*¢-twisted Poisson bivector mg with e'p*L = T'y.
(2) 7*Trg = L, and j(M) is coisotropic* in (S, 7).

(3) For every (v,a) € Ly there is a unique ¢ € T}, S with

ms5(¢) = jwv, ¢ =q, (4.18)

namely hr (v, ) == p*a+1j,,Q. The map hy: L — j*T*S is smooth.
(4) dim S = dim M + rank E.

Proof. We prove (1), then the first half of (2), then (3), and finally the coisotropy assertion in (2). Since p
is a submersion, p*L is a smooth p*¢-twisted Dirac structure, and since d2 = 0, so is e*p*L.

We first describe e?p*L along the zero section. At 0, € E* there is a canonical splitting Ty, E* =
T.M @ E?, in which j,v = (v,0) and p.(v,n) = v. Since pr,; ov = p, where pry,;: T*M — M is the projection,
(t*60)(X) = n(prg p«X). In particular 1*6 vanishes at the points of the zero section, and a direct computation
gives

Qo, ((v,n), (w,B)) = B(prgv) — n(prpw). (4.19)
Since (p*L)o, ={((v,n),p*a) : (v,a) € La, n € E7},
(er*L)Oz = {((v,r]), pra+ L(vm)Q) :(v,a) € Ly, n € E;} (4.20)
Let (v,a) € Ly, n € By and ¢ := p*a + 1(,,,)2. By (4.19),
((w,0) = a(w) =n(prgw), ¢(0,5) = B(prg v). (4.21)

Claim: if j7*¢ =0, thenn =0, a =0 and v € E,. Indeed, (4.21) gives « = noprg. For u € E, we have
(u,0) € Ly, so isotropy of L, gives 0 = a(u) = n(u). Hence n =0 and o = 0. Then (v,0) € L,, that is,
v E FE,.

(1) Let ((v,m),¢) be an element of (4.20) with ¢ = 0. By the claim, n =0 and v € E,. By (4.21), B(v) =0
for all 8 € EZ, so v =0. Hence (BQP*L)om N Ty, E* = 0. Transversality to T'E™ is an open condition, so it

holds on an open neighbourhood S of the zero section, on which e*p* L is the graph of a bivector mg, which
is p*¢-twisted Poisson. Part (4) holds since S is open in E*.

4For an arbitrary bivector field 7 on a manifold S, a submanifold C' C S is coisotropic if #(T'C°) C TC, where TC®° C T*S|¢
is the annihilator of T'C.
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(2), first part. Since (1*0)g, = 0 for all x, we have j*(:*0) = 0, hence j*Q = 0 and j*T';, = j*(p*L). Let
v € T, M. By (4.20) with  omitted, (j.v,() € p*L if and only if ( = p*« with (v,a) € L,, and then j*¢ = «
since p o j = idys. Hence j*I'z, = L.

(3) Let (v,a) € L, and ¢ := hr(v,a). By (4.20) with n =0, (4.v,() € I'rg, so ms(¢) = j«v, and by
(4.21), j*¢ = . For uniqueness, let (o be the difference of two solutions of (4.18). Then 7g({p) = 0 and
J*Co = 0. The first condition says (0, (y) € I'zy, so by (4.20) there are (v, ap) € L, and n € EX with (0, () =
((v,m),p* a0 + t(pQ2). Hence v =0, n =0, and (o = p*a. Since po j = idar, ag = j*p*an = j*¢o =0, so
Co = 0. Finally, 7S is a smooth vector bundle over M, and hy, is the restriction to the smooth subbundle
L CTM & T*M of the bundle map (v, o) — p*a + ¢;,,8, which is smooth since p, j and  are.

(2), coisotropy. Let ¢ € (Tp,7(M))°, so that j*¢ = 0, and write 75(¢) = (v,n). Since (75(¢),() € T'ry,
(4.20) gives ¢ = p*a + 1y, for some o with (v,a) € L. As j*¢ = 0, the claim gives n = 0 and v € E,.
Hence 75(¢) = (v,0) = j.v € Tp, j(M). O

We apply Lemma 4.11 to (M, Lys, ¢) and (N, Ly, ). This gives (Sar, mar, par, jar) and (Sy, mn, PN, N ),
together with lifts has and hpy. Set

M:=Sy xSy, "Fi=my® (—7n), b= prs,, Py — Prs, PN, (4.22)
where Sy denotes Sy equipped with the bivector —7x. Then 7 is a (E—twisted Poisson bivector. We replace
¢ by the embedding

J:N =M, J(n) = (jar(e(n), jn(n)),
and set A := J(N) and B := TA° N7 Y(TA). Since c*¢ = v,

o~

J*9=0. (4.23)
If Ei\ has constant rank, it carries the Lie algebroid structure induced by the twisted cotangent Lie algebroid
TxM of (M,7,¢).
Lemma 4.12. Let (¢, Ly, L) be a regular datum. The map
p: Be— B, ¢((v,0), (c.v,8)) = (har(cwv, B), —hn (v, a)),

is an isomorphism of Lie algebroids over J: N — A.

Proof. We first show that ¢ is an isomorphism of vector bundles. A covector (£,7) lies in B if and only if
c*jyé+inn =0 and

TME = JM#CxV, 7TN(777) = JNxV
for some v € T,, N, which is then unique because jy. is injective.

Let b= ((U,a),(c*v,ﬁ)) € B.. By Lemma 4.11(3), marhar(cev, 8) = jus«Civ and wnvhy (v, @) = jnsv.
Moreover c*ji,har(csv, 8) — jnhn(v,a) = c*8 —a = 0. Hence p(b) € B. If ¢(b) = 0, then 8 =0 and
insv=0,s0b=0.

Conversely, let (¢,n) € B with v as above. Set B = jy& and a = —jyn. Since ji;I'z,, = Ly and
JnTay = Ly, we have (c.v,8) € Ly and (v,a) € Ly. The conormality condition gives o = c¢*5. By
uniqueness in Lemma 4.11(3), £ = hps(c,v, 8) and —n = hy (v, @). So ¢ is an isomorphism of vector bundles.

The anchors are compatible by the tangency condition: 7o ¢ = J, o ppg.

It remains to compare the brackets. Let ¢ := jy X jy: M x N — M, and Ly ={(v,—a): (v,a) €
Ly} = jiT—nx. Then o*T'z = Ly x Ly. The map ¢ — (u,¢*¢), where 7¢ = t,u, sends 7~ (Tw(M x N))
onto Ly x Ly. It preserves brackets: if 7(; is t-related to u;, then [7(;,7(s] is t-related to [ui,us|, and

*

¢* commutes with £ (the Lie derivative along t-related vector fields), d and contractions, so ¢* [(1, (2] 3=
[t*¢, L*CQ]]L*$ on covector parts. By Lemma 4.11(3) applied to each factor, its inverse is ((w, 8), (v, —a))
(har(w, B), —hy(v,@)). Since (v,) — (v, —) is a Lie algebroid isomorphism Ly — L}, we obtain a Lie
algebroid isomorphism Ly; x Ly — 7~ 1(Tw(M x N)). Its restriction to the graph of c is o, and ¢(c(n),n) =
J(n). The bracket of B is the restriction of that of Ly x Ly to the graph of ¢ [34, Definition 3.13], and
that of B is the restriction of the bracket of T;]\/f\ to A. Hence [p(b1), ¢(b2)]g = ©([b1, b2]B.)- O

We now remove the background 3-form without changing 7 along A.
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Lemma 4.13. There are a neighbourhood U of A in J\//.T, a 2-form A € Q2(U) with d\ = QA5|U and Mg = 0 for
all g € A, and a Poisson bivector ©y on U with

eAF%:F%, %O|A:%|A~
Moreover A: TZXU — TZ U, A(Q) = ¢+ tz()A, is an isomorphism of Lie algebroids with A, = id for q € A.
In particular R
B =TA° N7, {(TA),
and the Lie algebroid structures induced on B by (7, (E) and by Ty coincide.

Proof. The form & is closed and J*¢ = 0 by (4.23), so by the relative Poincaré lemma [22, Proposition 6.8]
there are a neighbourhood U of A and A € Q%(U) with d\ = QAS|U and Ay =0 for all g € A.

By [44, §3] the gauge transformation e*(X,a) = (X, a + tx\) intertwines the qAﬁ-twisted Courant bracket
with the (¢ — d\)-twisted one. Hence e*I's is untwisted, and e* 'z = {@¢ AQ) : ¢ € T*U}. Since Ay =0, we
have A, =id for ¢ € A, so A is invertible after shrinking U. Then e*I'z = I'z, with 7Ty := 7 0 A™!, which is
a bivector because the graph is Lagrangian, and Poisson because the graph is an untwisted Dirac structure.
At points of A, A, = id gives o = 7.

The map A is the composite of ¢ + (7(,(), of e*, and of the projection T'z, — T*U. Each preserves
brackets, so A is an isomorphism of Lie algebroids, and Tpo A=T.

Since g = 7 along A, the two descriptions of B agree. Let by,by € F(B) with extensions (1,(s. As
A, = id along A, the sections A(; extend b;, and every extension is of this form. Hence

[AC1, Alolz, | o = AlC1 Glz| 4 = [, Calz| 4 = [b1,b2] 5,
the last equality by Lemma 4.12. |

The model depends on auxiliary choices: the complements Vj;, Vy of Lemma 4.11 and the primitive A of
Lemma 4.13. We now show that it is unique up to a Poisson diffeomorphism fixing A. Only Q, A and hence
mo vary; Ex;, Ex, J and A do not.

We view a 2-form A also as the map X — 1x )\, and write ©*7 := (O~ 1), for a bivector 7. We use
Moser’s theorem in the following form (2, §3.3]: if m; is a smooth family of Poisson bivectors near A with
Iz, = eP tI'r,, where By = 0 and Bt = dy; with 7, vanishing at the points of A, then the time-1 flow of —m¢ ()
fixes A pointwise and carries 7y to 7.

Write D := pas X P, Q= prs,, Qu —prg, Qn and Ly == {(v,—) : (v,a) € Lx}. By Lemma 4.11(1),

T, = %5 (Lay x Ly). (4.24)

Proposition 4.14. Let Ty and 7T, come from two choices of (Var, Vi) and of primitive. Then there is a
diffeomorphism © between neighbourhoods of A with ©|a = ida and O*T), = Ty. Its cotangent lift restricts
to an isomorphism of Lie algebroids from TA° N7y~ 1(TA) onto B over ida.

Proof. Denote by primes the objects of the second choice. For t € [0, 1], the map (1 —t) prg, -+t pr’EM is a
projection onto Eys; let Vs ¢ be its kernel, and define Vi ; similarly. Since ¢*6 is linear in prg, the forms of
Lemma 4.11 are € = (1 — t)Q + 8. Set A := (1 — t)A+tN, so d\; = ¢ and )\, vanishes at the points of A.
Let R
Bri=t[(N =N+ (¥ —Q)], Ty:=eMT 5" (Ly x Ly) = e’ Tx,.

Each T'; is the graph of a Poisson bivector m; near A. Its background 3-form is ¢ d)\t th = 0. Along
A, where \; = 0, it is the model of Lemma 4.11 for (Vas, Vi), hence transverse to ™ by the proof of
Lemma 4.11(1). Transversahty is open and [0, 1] is compact, so it holds on [0, 1] x U for some neighbourhood
U of A. Here mg = 7Ty and m = 7.

We write 3; as dy with v vanishing at the points of A. Set

w = prs,, (a0 — ) — prs, (vOn — (N On).

Since Q = —d(.*0), we get dyy = Q- (AZ, and ~y vanishes at the points of A because (*6 and /*6 vanish at
the zero section. The form X — X is closed and vanishes at the points of A, so A’ — X = dv, with 7, vanishing
there [22, Proposition 6.8]. Take v := 4y + vx. Moser’s theorem gives © with ©|ao = ida and ©*7) = 7.
Its cotangent lift is an isomorphism of cotangent Lie algebroids, and d© preserves TA along A, so it maps

TA° N7, Y(TA) onto B, preserving brackets. O
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4.7. Construction and independence. We now construct the Py -structure on a = C*°(A®*BY). By Lem-
mas 4.12 and 4.13 this reduces to the pre-Poisson case of Subsection 4.3, applied to A C (U, 7). Since S and
1 are already in use, we write ¥ for a Poisson transversal containing A coisotropically and ¢ for a tubular
neighbourhood of A in X.
A choice e consists of complements Vs, Vy as in Lemma 4.11 and of a primitive A as in Lemma 4.13.
For each e, write 7§, B® and ¢° for the objects of Lemmas 4.12 and 4.13, and set
a® = F(/\'(Ee)*), P° = /\'(((pe)*)_lz a— as,
where functions are identified through J. Then ®€ is an isomorphism of graded commutative algebras of
degree 0 and
®€odp, = dg. o O°. (4.25)
Theorem 4.15. Let (¢, Ly, Lys) be a regular datum and e a choice.
(1) A is a pre-Poisson submanifold of (U,78), with Lie algebroid Be.
(2) For every choice T = (3,¢) as in Proposition 4.5 for A C (U, 7§), the maps
gée,‘r) — (@e)—l Ogge;],( o ((be)(gﬂc7 k> 1 (éeﬂ—) =0,

form a flat Py -structure on a with zﬁe’” =dp..
(8) The Loo-isomorphism class of {E,(:”T)} does not depend on (e, T).

Proof. (1) By Lemma 4.12, ¢° is an isomorphism onto §e, so B° has constant rank. By Lemma 4.13,
B =TA° N (75)"Y(TA). By (4.11) for A C (U,7¢), the rank of TA + 7&(TA°) equals dim U — rank B¢,
hence is constant, so A is pre-Poisson. By Lemma 4.13, the Lie algebroid structure of B® induced by 7§ is
that of Lemma 4.12.

(2) By (1), Proposition 4.5 gives a flat P,-structure on a® with ¢; = dz.. Lemma 4.1 applied to ®°, with
(4.25), gives (2).

(3) Let (e, 7) and (€', 7) be two choices, and denote by primes the objects of €’. By Proposition 4.14 there
is © with ©|a = ida and ©,7 = 7)), and ©p = (dO~')*|5: B — B’ is an isomorphism of Lie algebroids
over ida. Set © := A®(O%)7 L.

Let 7 = (X,5) and let 7© := (X', ¢’) be its transport by © as in Lemma 4.6. That lemma gives

B0l = (¥ 0 B% k> 1.
Set U := (®')"1o Oo ®, an algebra automorphism of a of degree 0. By (2),
N Ogl(ce»‘f) = (9/) 1B (FT Bk = (@/)—132’,7"’@%@@1« _ Effl‘T@) o Pk

/O
for k > 1, and both structures are flat, so ¥ is a strict isomorphism from {6;‘”)} to {Eff 7 )}.
It remains to compare 7© with 7/ for €. By Theorem 4.9 applied to A C (U’,7}), there is an Lo-

isomorphism 9 from {Zg’T@} to {Eg/’T/}. By Lemma 4.1(3), applied to ®' on both sides, the maps g :=
(@)~ o gg o (®)®* form an Lo.-isomorphism from {E;ﬁelﬁ@)} to {é,(fl’Tl)}. Since {£{*7} is the transport
of {E,(Se/’T(—))} along ¥, Lemma 4.1(3), applied to ¥ and id, shows that the maps o, o U®* form an L.-
isomorphism from {f,(ce’T)} to {K,(ge,"r,)}. O

We now specialize to a Dirac structure on a submanifold of a Poisson manifold. Let (M, ) be a Poisson
manifold, ¢:: N < M an embedded submanifold and Ly a Dirac structure on N. Set

B:={(e€T*M|y : n(§) € TN and (7(£),0*¢) € Ln}. (4.26)
The triple (¢, Ly,T'y), with ¢ =4 = 0, is of the type considered in Subsection 4.6.

Corollary 4.16. Assume that B and Eny = Ly NTN have constant rank. Then (v, Ly,Ty) is a regular
datum, and
\I/:BL*)Ba \I/((’U,Oé),(w,ﬂ))zﬁg
is an isomorphism of Lie algebroids over idy onto the Lie subalgebroid B of TXM . In particular, transporting
the structures of Theorem 4.15 along AN*V* gives a flat Py -structure on T'(A®B*) with ¢1 = dp, unique up
to Loo-isomorphism.
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Proof. Let ((v,a), (w,)) € B,. Since (w, 3) € I'z, we have w = m(8), so 7(3) = v,v € TN and (n(8),*8) =
(v,@) € Ly. Hence ¥ is a bijection onto B, with inverse & — ((m(§),*€), (7(€),€)). Since I NTM =0,
(¢, Ln,T) is a regular datum. As for pry, the map ¥ is the restriction of the projection Ly x I'y — T'y &
T*M, which is a morphism of Lie algebroids over ¢. This proves the first assertion. The last one follows
from Theorem 4.15 and Lemma 4.1. g

Corollary 4.17. Let Ly be the graph of a closed 2-form w with kerw of constant rank. Then
B={¢eT*M|y : 7(§) €TN and i eyw =1*¢},

which corresponds to the subbundle Ay, of [4, Definition 2.1]. If (N,w) is a reduction level, that is, if B
has constant rank, then Corollary 4.16 applies.

Proof. The description of B is (4.26) with Ly = T',,. Moreover Exy =T',, NTN = kerw has constant rank,
so the hypotheses of Corollary 4.16 hold as soon as B has constant rank. O

4.8. Comparison with the Poisson algebra of invariant functions. Let c: (C = N,Ly) — (G =
M, w, $) be a 1-shifted coisotropic structure with induced base Dirac structure Ly;. Then Ly is c*¢-twisted
and B is the fibre product Ly X Ly of Subsection 3.1, so (¢, Ly, Las) is of the type considered in Sub-
section 4.6. Assume that Fj; and En have constant rank, so that (c, Ly, Las) is a regular datum. Since
a is flat, o descends to a Poisson bracket on H(a,¢1). We show that this bracket is the bracket (3.4) on
invariant functions.

Proposition 4.18. Suppose in addition that C is source-connected. Then H(a,f1) = C>®(N)C, and for
every Pao-structure {{x} on a given by Theorem 4.15, the bracket induced by lo on H°(a,fy) is the bracket
(3.4) of Subsection 3.1.

Proof. Since {1 = dp_, H%(a, ¢1) consists of the functions annihilated by pp(B.). By nondegeneracy pp(B.) =
im pe, and since C is source-connected the functions annihilated by im p¢ are the C-invariant ones. So
Ho(a,fl) = COO(N)C

Fix a choice (e, 7) as in Theorem 4.15 and let f,g € C*°(N)C. In degree 0 the map ® is the transport of
functions by J, so ®(f) = foJ~!. Since A is pre-Poisson in (U, 7y), Proposition 4.10(1) provides admissible
extensions F, G of ®(f), ®(g) near A and gives l3(f, g) = dG(To(dF')) o J.

Fix n € N, set q := J(n), and write dF}, = (§,n) with £ on the Sy factor and 7 on the Sy factor. Since
F is admissible, dF,, annihilates 7o(7,A°), so by antisymmetry 7o(dF,) € (T,A°)° = T,A = J.(T,,N). By
Lemma 4.13, 7o =7 =7y ® (—7n) at ¢, and J = (jy o ¢, jn). Hence there is v € T,, N, unique since jy«
is injective, with 7o (dFy) = J.v, that is ma€ = juwciv and mn (—n) = jnwv.

Set §:= ji;£&. By Lemma 4.11(2), j3,;I'x,, = Lar and jyIT'xy = Ly, so the last two identities give
(cuv,B) € Lpy and (v, —jym) € L. Differentiating F o J = f gives df = c*+ jan, hence (v,c*8—df) € L.
Multiplying by —1, the pair vy := —v, By := —/3 satisfies (3.3).

Therefore my(dF,) = —J.vy, and J*dG = dg gives {2(f, g)(n) = —dg(vy). By Lemma 3.2 this is df (vy) =
{f,9}(n). 0

Together with Theorem 4.15, this proves Theorem C from the introduction.

Remark 4.19. By Corollary 3.15 and Proposition 4.18, coisotropic Morita equivalent structures with
source-connected groupoids have isomorphic H%(a,f;). Their Ps-algebras, however, need not be L..-
quasi-isomorphic. Let G = {x} and let Pair(S') = S x S = S! be the pair groupoid. Then L; := 0
and Ly := TS* © 0 are 1-shifted coisotropic structures on c;: {*} — G and cy: Pair(S') — G. Taking
K := Pair(S'), ¥1: K — {*}, 19 :=id and L := {} in (2.3) gives a coisotropic Morita equivalence, since
Ly =TS @®0 =3Ly. Since B, =0 and B, = TS,

(a1,41) = (R,0), (ag, 01) = (Q°(S"), dyr).
Hence H'(a1,¢;) =0 # R = H'(as,¢1), so a; and ay are not L.,-quasi-isomorphic.

5. QUANTIZATION OF 1-SHIFTED COISOTROPICS

We now quantize the P, -structures of §4, proving Theorem D. We first treat a pre-Poisson submanifold
N C (M, r), with Py-algebra a = C*(A®*L*). We apply the relative formality theorem of Cattaneo and
Felder to the coisotropic submanifold N C S and transport the result along the graded algebra isomorphism
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Og of (4.13). After proving independence of the quantization datum, we apply this construction to the local
models of §4.6 to obtain the quantization of general regular infinitesimal 1-shifted coisotropics.

5.1. Preliminaries on curved A, -algebras. We recall the definitions and basic properties used below,
following [26, 29] for A..-algebras and [16, §§3.1, 4.4 and Appendix A] for the curved setting and its descrip-
tion by multidifferential operators.

A curved A, -algebra over a commutative ring R is a graded R-module a with R-linear maps p,: a®* —

a of degree 2 — k, k > 0, satisfying, for every k > 0 and all homogeneous aq, ..., ak,
Z (—1)ptatrataoaltotial) (a1, py fig(@pits - - Apig)s Apigits - ax) = 0. (5.1)
pt+q+t=k
q=>0

The element po € a? is the curvature. We call a flat if yg = 0, and then simply an A,.-algebra. In
the flat case p; is a differential and ps induces an associative product on cohomology. Relation (5.1)
is the Maurer—Cartan equation [m + @, m + w|g = 0 for the Gerstenhaber bracket of [16, Eq. (6)], see
Proposition 5.4; in arity 1 it reads pu?(a) — pa(po,a) + pz2(a, o) = 0, and in arity 2 it is the Leibniz rule
papiz(a,b) = po(pra,b) + (=) us(a, pb). Tt differs from the convention of [26] by the rescaling sy +—
(—1)k=1)/2,, “which is the difference between the two desuspensions (s®%)~! and (s~)®* under the Koszul
rule.

Curved A.-structures deforming a given product can be described as Maurer—Cartan elements, as follows.
Let a be a graded algebra with product m, and assume that a is the space of sections of a graded vector
bundle, so that multidifferential operators make sense. For ¢ > 0 and p € Z, let DP4(a) be the space
of multidifferential operators a®? — a of internal degree p; such an operator has total degree p + q — 1.
Following [16, §4.4], set D" (a) := [l,+4- 1= P"(a) and

D(a) :== P D"(a). (5.2)
nez
In each total degree we take the product over all arities; the sum over total degrees is direct. With the
Gerstenhaber bracket of [16, Eq.(6)] and differential d = [m, ], D(a) is a differential graded Lie algebra.
Equip D(a)[e] with the complete e-adic filtration. If @ = Y k>0 Wk € ¢D(a)'[¢], where wy, has arity k, then
the Maurer—Cartan equation for w is equivalent to [m 4+ w, m + @] = 0, hence to the curved A..-relations
for
Ho = wq, p1:=Tw1, Mo i=m+wa, M= (k>3). (5.3)
The Maurer—Cartan elements of ¢ D(a)[e] are thus the curved As-structures on afe] reducing modulo € to
the original product.

Lemma 5.1. Let a,b be graded R-modules and ®: a — b an isomorphism of degree 0. Let (b, {ul}r>0) be
a curved As-algebra, and set pf = & Lo pul o ®®* for k > 1, and pg :== ®~1(uf). Then:
(1) (a,{us}) is a curved Ass-algebra, and ® is a strict isomorphism from (a,{u$}) to (b, {ud}).
(2) (o {u}) is flat if and only if (b, {ul}) is.
(3) If R =R[e], a = ap[e] and b = by[e] for graded algebras ag, by, and ® is the Rle]-linear extension
of an algebra isomorphism ag — by, then u$ reduces modulo € to the product of ag if and only if S
reduces to that of bg.
(4) If ag, by are the spaces of sections of graded vector bundles over a common manifold M, and ® is
induced by an isomorphism of vector bundles covering a diffeomorphism of M, then {ut} is multid-
ifferential as soon as {ul} is.

Proof. Since ® preserves degrees, it preserves Koszul signs, and conjugation by @ carries the relations (5.1)
for {uf} termwise into those for {uf}. This gives (1) and (2). Parts (3) and (4) follow from the definition
of py. (|

Here and throughout, Alty := ) s X(0;-)0 is the unnormalized graded alternation, so that (u o
Altg)(ay,...,ax) = >, x(0;a) (as(1y, - - -, @o(r)). This is the operator of [16, Proposition 3.1]. In the flat
case, the antisymmetrization {py o Altg} of an A-structure is an Loo-structure [29, Theorem 3.1].
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The gauge arguments of Subsection 5.3 use the coalgebraic encoding of the same structures. Set V :=
afe][1]. All tensor products are over R[e]; we write ® for the e-adically completed tensor product and set
V&0 .= R[e].

Definition 5.2. Let T%(V) := @,,-, VE" be the conilpotent tensor coalgebra. Its e-adic completion is
7 — |; c N e ‘o
(V) = fim T (V) /eNTe(V), equivalently

T(V) =S (2n)nz0 € [J VO | YN, 2, € VO™ for n >0
n>0
The deconcatenation coproduct extends uniquely by e-adic continuity to f(V)
A coderivation of degree p is a continuous map X : T(V) — T(V') of degree p with

AoX = (X®id+id®X) o A. (5.4)
Its corestriction is the family X := pry, oX|V®k: V®k —V,k>0.
Lemma 5.3. A continuous coderivation is determined by its corestriction. Conversely, every family of
continuous R[e]-linear maps Xj: VE¥ — V| k >0, is the corestriction of a unique continuous coderivation
of T(V), given on V™ by

n n—k

X ® - Quy) ZZ R0 ® Xp(Vit1y -« s Vikk) @ Vigkg1 ® + -+ @ Uy, (5.5)
k=0 i=0

with the usual Koszul signs, where Xo() is inserted in every position, including at either end.

Proof. For the uncompleted tensor coalgebra this is [16, Lemma A.1]. The formula (5.5) is R[e]-linear, hence
e-adically continuous, so both statements extend uniquely to T'(V). |

Proposition 5.4. Under the identification of Lemma 5.3, the operations (5.3) are encoded by the degree-1
coderivation ) whose corestriction is determined by
s0Qp = ppos® (k>0), (5.6)

where s: a[e][1] — a[e] is the tautological map of degree 1 [16, §3.1], and s** is applied with the Koszul rule,
50 that s¥F(v; @ - @ vy,) = (—1)Z:*F=Dvil 5y @ ... @ svy,. Since the Gerstenhaber bracket of [16, Eq.(6)]
18 the transport of the commutator of coderivations, Q) corresponds to

Q +— m+ w, (5.7)
and the Maurer—Cartan equation for w is equivalent to Q% = 0.
Proof. This is (5.3) translated through Lemma 5.3 and [16, §3.1 and §A.3]; since @ has odd degree, [Q, Q] =

2Q%. Expanding Q2 = 0 with (5.5) and (5.6) gives exactly (5.1); the sign (—1)PT9+P4 arises from the Koszul
rule for s®% and for the coderivation extension. O

Definition 5.5. Let a,a’ be graded modules, set V = a[e][1] and V' = d/[¢][1], and let @, Q" be degree-1
coderivations with square zero. A morphism of curved A,.-algebras is a continuous coalgebra morphism
0: T(V) = T(V') of degree 0 with
Q' oo=00Q. (5.8)

Its components are g := pry, og|yax, k > 0. After desuspension these are the usual maps a®* — o’ of degree
1 — k. We require gy € €V’, which makes the standard tensor-coalgebra formula e-adically convergent. We
write o: (afe], 1) ~ (a[€], &’'). The morphism is strict if gy = 0 and g = 0 for k > 2, and an isomorphism
if o1 is bijective.

A change of base point is the special case 91 = id, g, = 0 for k > 2, and g given by an element whose
desuspension, still denoted a, lies in eafe]'. In terms of the unsuspended operations it gives

ﬁ():ZMk(a,...,a), (5.9)
k>0
and similarly for the higher operations, by inserting a in all possible slots; the series converge e-adically.
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X

For a degree-0 coderivation X, whenever e := )" >0 )j(—,J is well defined on the completed tensor coalgebra,

it is a coalgebra automorphism with inverse e™X. The next proposition converts gauge equivalences of
Maurer—Cartan elements into isomorphisms of curved A..-algebras; it is used three times in Subsection 5.3.

Proposition 5.6. Let ﬁ(b)[[e]} be equipped with a complete descending filtration F* compatible with d = [m, -]
and the bracket. Let ag,aq € F* be Maurer—Cartan elements in ¢ D(b)[e], gauge equivalent through a degree-

0 element X € F' whose arity-zero component lies in €ble], and assume that eX is well defined on the

X

completed tensor coalgebra, where X s the coderivation with components X. Then e* is an isomorphism

between the corresponding curved As.-structures.

Proof. Since X has degree 0, dX = [m, X|] = —adx m, hence Ea:;i:l(d)() = —(e®¥x — 1)m, and (4.6) gives

a1 = X g + edxm — m, that is,

adx(

m+a;=e m + ap).

Under Lemma 5.3 the Gerstenhaber bracket is the commutator of coderivations, so e*dx corresponds to
Q — e*Qe™*. Hence e* (m+ ag) = (m + ay)e”, which is (5.8). The component gy = Xo + 5 X1(Xo) + -
of eX lies in €V because X does, and p; is invertible modulo €, with inverse the linear component of =X ,
hence, by e-adic completeness, bijective. So X is a curved Ao-isomorphism. (]

Lemma 5.7. Let ®: a — b and ®': o/ — b’ be isomorphisms of graded algebras of degree 0, and let
o: (bfe], ) ~ (b'[e], ') be a morphism. Equip afe] and o' [e] with the transported structures of Lemma 5.1.
Then ¢f := ®'~1 0 gy 0 ®%F for k > 1, and of := ®'~*(00), define a morphism between the transported struc-
tures, which is an isomorphism, respectively strict, if and only if o is.

Proof. The maps ®[1] and ®'[1] induce continuous coalgebra isomorphisms T(®) := T(®[1]): T(a[e][1]) —
T(6[€][1]) and T(®') := T(®'[1]): T(«'[¢][1]) — T(¢'[¢][1]). By Lemma 5.1, the transported coderivations
are T(®)~1QT(®) and T(®')~1Q'T(®’). The continuous coalgebra morphism T(®')~toT(®) has compo-
nents of, and it intertwines the transported coderivations:

T(®")'QT(®)T(®) oT(®) =T(¢)'Q'eT(P)
=T(®) 0QT(®)
— T(@) o T() T(D) " QT(®).
Since ® and ®’ are bijective, transport preserves bijectivity of the linear component and strictness. O

5.2. The curved A.-structure. Let N be a pre-Poisson submanifold of (M, ), with stabilizer Lie al-
gebroid L := TN° N7 Y(TN) and a := C*®(A®L*). Choose a Poisson transversal S C M containing N
coisotropically, with induced Poisson bivector mg. As in Subsection 4.3, write v := T'S|y /TN, b := C°(A*v),
and ® := ®g: a — b for the isomorphism (4.13). We quantize the Py -structure on a by applying the
Cattaneo—Felder relative formality theorem to N C S and transporting the result along ®. Independence of
choices is proved in Subsection 5.3.

Throughout, € is a formal parameter and all maps are R[¢]-linear unless stated otherwise. The graded Lie
algebra gg of formal multivector fields along N carries the Schouten bracket and the zero differential, with
degrees shifted so that bivector fields have degree 1. Thus [rg,ms] = 0 says that e g is a Maurer—Cartan
element of € gs[e]. Finally, YS() is the completed differential graded Lie algebra of multidifferential operators
(5.2).

A quantization datum is a triple d := (5,1, V): a Poisson transversal S C M containing N coisotrop-
ically, a tubular neighbourhood % of N in S which is normalized (it restricts to the inclusion on N and
has normal derivative id, along N), and a connection V on v — N. We fix once and for all a torsion-free
connection on N and an associated formal exponential map.

We use the fibrewise Fourier transform of Cattaneo—Felder [16, §§4.2—4.4], which identifies formal multi-
vector fields along N in S with completed multiderivations of b. We choose the sign convention for which
5(5(b)) = b, so that it agrees with the derived brackets in (4.14). The Hochschild-Kostant—Rosenberg map is
normalized by 1/k! in arity k, as in [16, §4.5], whereas Alty is unnormalized. We now restate the Cattaneo—
Felder theorem in these conventions.
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Proposition 5.8 (Cattaneo-Felder). Let N be a submanifold of a Poisson manifold (M, ), and let by :=
C*(A*vy). Fiz a tubular neighbourhood of N in M and a connection on vy. Then:

(1) there is an Loo-quasi-isomorphismU: gy ~ ﬁ(bN), where gn 1s the graded Lie algebra of multivector
fields on the formal neighbourhood of N, and U; is the fibrewise Fourier transform followed by the
Hochschild—Kostant-Rosenberg map.

(2) T :=U.(em), defined by (4.9), is a curved Aso-structure on by[e] with multidifferential structure
maps, whose operation o reduces modulo € to the product of by, while ur, =0 (mod €) for k # 2.

(3) for every k > 0 the operator yu, o Alty, is divisible by €, and 2 (py, o Alty,) mod € = (—1)h=Dk=2)/27,
where ly, is the derived-bracket P -structure in the conventions of (4.14).

(4) €o = —Pn(7). In particular uo = € Py (1) + O(€?), and po = O(€?) if and only if N is coisotropic in
M.

Proof. (1) is [16, Theorem 4.8]: the tubular neighbourhood identifies gy with the multivector fields on the
formal neighbourhood of the zero section of vy, and the connection enters through the globalization of [16,
§A.9].

For (2), extend U R[e]-linearly. Since Uy (€** X1, ..., % X)) = e Taxf (Xy,. .., X}), the morphism U
is filtered for the e-adic filtration in the sense of (4.8), and that filtration is complete. As em € e gi[e] and
[m, 7] = 0, Lemma 4.4(1) shows that 7 is a Maurer—Cartan element of eﬁ(bN)[[e]]. By (5.3) it is a curved
Aso-structure on by [e] reducing modulo € to the product. This is [16, Theorem 3.2].

For (3), the k-th summand of (4.9) at er is %Z/Ik(w, ..., 7), 80 T = ely(7) + O(€?). Divisibility by € of u o
Alty, holds because puy, = 0 for k # 2 and because i, = m with (mo Alty)(a, b) = m(a, b) — (—1)1*1lm(b, a) = 0,
the algebra by being graded commutative. By (1), U; = pukr ©§. To identify its antisymmetrization, let
QW be the degree-1 coderivation of T'(by[1]) corresponding to U () under Lemma 5.3, so that (U (7)) =
50 chl) o (s®F)~1 by (5.6). Write decy = (—1)2:(*=DIbil for the sign of (4.3), which is the Koszul sign
of (s71)®*; under the Koszul rule (s®¥)~1 = (=1)k+=1/2(5=1)®k  Gince decy, o Alt), = Sym,, o decy, where
Sym,, is graded symmetrization for the shifted degrees, and since ¢, = (—1)*~!decy{- -} by (4.14), the
identity (U (7)) o Alty, = (—1)F=DE=2)/20, “in which (—1)*~DkE=2)/2 = (_1)k(k=1)/2(_1)k=1 ig equivalent
to

SOQg) oSymy o(s™H®F ={. ... -} =pro|- - [F(m), ],y -]
a statement in which no desuspension sign appears. Here pr, denotes projection onto multivectors of arity
zero on vx[l]. With our Fourier convention, §(j(b)) = b and pry§ = Py, and § preserves the Schouten
bracket, so the right-hand side is Py[--- [m, j(b1)], ..., j(bx)]. The left-hand side is the evaluation formula for
the HKR map [16, Theorem 4.6], whose symmetrization is taken with the Koszul signs of the shifted degrees:
graded symmetrization cancels its factor 1/k!, and the identity follows on products of derivations, hence on
formal multivectors, arity by arity. For k = 0 it reads (U (7))o = Pn(m). This proves (3) in every arity.

For (4), (4.14) gives £y = — Py (). The case k = 0 of (3), where the sign is —1, gives o = —ely + O(€?) =
ePn(m) + O(e?). Finally, Py(m) = 0 says that 7|y lies in ker(A% pry ), that is, m(vi) C TN. O

Let d = (S,%,V) be a quantization datum. Applying Proposition 5.8 to (S, N) with the data ¢ and V
gives a curved A.-structure ;> on b[e]. Set

_ b,d ~1(,0b,d
p =0 o p) o ®®F (K >1), pf =@ (ug?).

Theorem 5.9. Let d = (S,1,V) be a quantization datum. Then {u}r>o is an R[e]-linear curved As-
structure on afe] with multidifferential structure maps, and:

(1) modulo €, ug is the product of a and u$ =0 for k # 2;

(2) u§ = O(€);

(3) %(u‘,i‘ o Alty,) mod € = (*1)(]“71)(]“72)/252’5"/} for every k > 0. In particular, *pf mod e = dy.

Proof. The map ® is an isomorphism of graded algebras of degree 0, so Lemma 5.1 applies: {,ug} is a curved
Aqo-structure with multidifferential structure maps, and (1) follows from x5 = m (mod €).
(2) is Proposition 5.8(4) for (S, N), where N is coisotropic, together with the R[e]-linearity of ®~1.
For (3), ® preserves degrees, so x(o;®a) = x(o;a) for every o € & and every homogeneous tuple a,
whence
%k o Alty, = Alty, 0®®F  and  pf o Alty, = 71 o (up® o Alty) 0 @ZF. (5.10)
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Since ® is bijective and R[e]-linear, divisibility by e transfers from b to a. Proposition 5.8(3) gives %(,uZ’d o
Alty) mod e = (—1)(F=D#=2)/20%5:¥ the bhrackets of Subsection 4.3. Conjugating by ® and using (%" =
d1lo E:Sﬂ/’ o ®@* gives (3). The last assertion is the case k = 1, where Alt; = id, together with E?’S’d’ =dy,
from Proposition 4.5. (]

Remark 5.10. For k = 2, Theorem 5.9(3) reads
1
655 (a,0) = — (18 (,5) = (=) (b, 0) ) mod e,
€
the semiclassical limit of a graded commutator; on functions, by (4.16), the commutator of ug is e{f, g} +
O(€?), as for a star product.

Write H®(L) for the cohomology of (a,dy), that is, the Lie algebroid cohomology of L in the sense of
(2.1). By Subsection 4.5, H°(L) = C*°(N)™. Since r: L — v* is an isomorphism of Lie algebroids and ®
intertwines dy, with % (Proposition 4.5), ® is an isomorphism of complexes, so

HY(L) = H*(b,¢%) for all k. (5.11)

Theorem 5.11. Let d = (S,%,V) be a quantization datum. For a € ea'[e], write u&® for the change of
base point of {ud} by a, in the sense of (5.9).
(1) If H2(L) = 0, there is a € ea'[€] such that p& is flat. In particular pS™® induces an associative
product on H*(a[e], u*).
(2) If moreover H (L) = 0, then HO(a[e], u&*) is a topologically free Re]-module, that is, isomorphic
to HO(L)[e] with the e-adic topology, with

HO(afe], 1) /e HO (ae], u5*) = HO(L),

and the induced product is a star product on H(L) deforming the bracket induced by zg’s*”’, i.e. the
Poisson bracket of Proposition 4.10. Under the assumptions of Subsection 4.5, H°(L) = C>(N)*.

Proof. Both statements are [16, Corollary 3.3] applied to (S, N) and transported along ®. The transport is
justified as follows.

e ® is bijective, of degree 0, and R[e]-linear. So it carries the element @ € € b*[e] produced by [16,
Corollary 3.3] to a :== ®71(a) € ea'[e], and it identifies the two cohomologies by (5.11).

e The change of base point by @ is an invertible morphism with components (a,id) to u®4. By
Lemma 5.7, its transport along ® is a morphism with components (a,id) to u9. Since such a
morphism determines its source, u4? is the transport of the change of base point of x®9 by @. It is
therefore flat by Lemma 5.1(2).

e The two hypotheses are the vanishing of the obstruction classes of that corollary. These classes lie in
H?2(b,£%) and H*(b, %), hence in H?(L) and H'(L). The induction there starts at order € because
pd = O(€?), that is, because N is coisotropic in S.

Finally, the terms of ,ug’a containing a involve some pg with k > 3, so ug’a = g (mod €2). The product
therefore deforms ég’s’w by Theorem 5.9(3). d
Remark 5.12. Part (2) recovers [19, Theorem 6.2]. Theorem 5.9 refines it: without assuming the vanishing
of HY(L) or H?(L), it constructs a curved As-quantization of the full P,-algebra a = C°°(A®L*). If

H?(L) = 0, the curvature can be removed by a change of base point. If in addition H'(L) = 0, the degree-
zero cohomology of the resulting flat A..-algebra carries the star product of [19].

The construction is summarized in Figure 1. Its two rows are the classical and the quantum structures
attached to d, and its vertical arrows are the semiclassical limit of Theorem 5.9(3).
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DATA choose a Poisson transversal, DAaTUM d = (S P V)
. tubular neighbourhood, and connection . »
(M, ), N C M pre-Poisson 513 S Poisson transversal,
L=n"YTN)NTN° N coisotropic in S

J

\& derived brackets b . &
s € MC(gs) of ms (b,£°) flat P, e 1(-)2® (a,£%5%) flat Pa,
[71'5,71’5] =0 Voronov, (4.14) 68 = —Ps(ﬂ's) =0 Prop. 4.5 {1 =dj,
coefficient i%( o Alty) mod € i%( o Alty) mod‘ €
of € Prop. 5.8(3) Thm. 5.9(3)
U
relative formality Mb,d curved Ao () POk ud curved Ao, on Cl[[E]]

ems € MC(egs[e]) Prop. 5.8 on b[e] Thm. 5.9 ud = 0(e)

FiGURE 1. The classical and quantum structures attached to a quantization datum.

5.3. Independence of the quantization datum. The curved A..-structure of Theorem 5.9 is built from
a quantization datum d = (S,¢,V). We show that, up to isomorphism, it does not depend on d. We
compare the three entries one at a time: the transversal (Proposition 5.14), the tubular neighbourhood
(Proposition 5.21), and the connection (Proposition 5.26). Theorem 5.27 composes them.

Throughout, ¢ := rankv and g, denotes the multivector fields on the formal neighbourhood of the zero
section of v. We set 1y := (¥~ 1).7ms € gy, and write U"V: g, ~ D(b) for the Loo-morphism of Proposi-
tion 5.8(1) for N C S. By construction, x*9 corresponds by (5.3) to the Maurer-Cartan element Uy ’V(emp) of
eD(b)[€]. Since ®g is a strict isomorphism from p9 to < (Lemma 5.1(1)), an isomorphism o: p®d ~s b4’
gives, by Lemma 5.7, the isomorphism (<I>§,1 00k © @?k)]po from 9 to ud/. We may therefore work on b[e].
The first ingredient is the naturality of 'V under bundle isomorphisms.

Lemma 5.13. Let A: v — V' be a vector bundle isomorphism covering idyn, b := C®(A*Y'), and 0 :=
A°A: b — b'. Then /

0.UY (X1, ., X)) = UMY (ALX, . ALK
for all Xq1,..., X, € g,.

Proof. Let W C N be a chart with coordinates (z), (eg) a frame of v over W, and ¢}; := Aeg, a frame of 1/
since A covers idy. Let (y®), (y'?) be the fibre coordinates, (5 := eg € b and (pi=ezeb.
Since A(yPep) = yﬁe'ﬁ, we have 4% o A = y®. So A reads (z,y) ~ (x,%) in these coordinates, and A*% =

ay,ﬁ, A, d‘?cl = a?:i' Likewise 6((g) = (’B, and 06 (C'v) = 57 gives 6, -2— 3 %. Hence A, and 6, both

act on coefficients by the substitution (y,¢) — (3, ¢’). In particular, the Fourier rules y?

o 8
~aG 7
give F oA, =6, o F over W, where §,§ are the Fourier transforms; recall that the Fourier transform is
canonical and does not depend on the connection [16 Theorem 4.1 and Lemma 4.2].

If Veg = w’se,, then (ALV)ey = A(Veg) = w'yel,.

Over W, the local expressions defining 4*"Y (Fourier transform, local formality, Fedosov globalization [16,
§A.9]) depend only on the coordinates, the frame, the connection matrix of V in that frame, and the data
fixed on N. The Fourier transforms are intertwined as above, the local formality morphism is equivariant
under linear changes of fibre coordinates, and the connection matrices of V and A,V in the frames (eg) and
(e}5) coincide. Hence UM+ s obtained from UV by (y,¢) — (y/,¢’), which is the identity over W. Both
sides are multidifferential, so the identity is local, and W is arbitrary. O
Comparing two Poisson transversals. Let p: S — S’ be a Poisson diffeomorphism with ¢|n = idy, let
V' = vg, and set

A:=v(p), Y :=poypoAt, V' :=AV, 0:=A°A. (5.12)

Proposition 5.14. The triple d’ := (S',4', V') is a quantization datum, and
V=05 0fodg

is a strict isomorphism from {ul} to {ug'}.
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Proof. Clearly ¢/|x = idy. Since A1 is linear, v(A~!) = A=, so v(¢)') = Aov()) o A= =id,,, and ¥ is
normalized. Since ¢ is Poisson,
Ty = A*(wil)*((pil)*ﬂ'sl = A*7T,¢,. (513)
By Lemma 5.13 and (5.13),
0.UY (emy) = U (emy).
Since 6 is an algebra isomorphism, §,m = m. Hence @ is a strict isomorphism from %9 to M"/vd/, and U is
the corresponding isomorphism on afe]. O

Comparing two tubular neighbourhoods. Let 1,1 be normalized tubular neighbourhoods of N in S,
and

0= 1/1;1 o 1.
Then d|y = idy, v(d) = v(¢1) " ov(¢o) = id,, and, since 1y = ¢1 04,
Topy = 0 Topg - (5.14)

We will show that emy, and emy, are gauge equivalent and transport this equivalence through UV by
Lemma 4.4. The difficulty is that 6, —id is not divisible by €, so the e-adic filtration does not control
the change of tubular neighbourhood. We need a notion of smallness that measures vanishing in the fibre
directions and is compatible with multivector fields. The natural one is the fibrewise grading given by
the degree in the fibre coordinates minus the number of fibre derivatives, which also appears in Fedosov
globalization [23]. We use it to control ¢ and its logarithm, and then combine it with the e-adic order into a
filtration in which both the gauge generator and the Maurer—Cartan element have positive degree.

Let (z,y) be local coordinates on v, with (z%) on N and (y7) linear fibre coordinates. For t € R*, let

me(x,y) := (z,ty), 6O := A°my.

Then m; covers idy and (m;).V = V.

Definition 5.15. An element X € g, has weight k if (m;).X =t %X for all t € RX. An element D € ﬁ(b)
has weight k if (6;).D = t~*D for all t € R*. We write wt(X) > a if every homogeneous component of X
has weight > a.

Lemma 5.16. (1) For every multi-index «,
Wt(f(x)ya 5‘} ARERWN 3‘ A a. A A 84 ) =la| — s.
oz™ Oz'»  Oyh oyJs
(2) If D: C®°(APV) Q-+ @ C®(APrr) — C®(APoV), then wt(D) =p1 + -+ - + pn — Po-
(8) The weight is additive for the Schouten and Gerstenhaber brackets, and wt(m) = 0.
(4) If wt(X;) > a; fori=1,...,n, then wt(Z/l;L”V(Xl, o ,Xn)) >ar+- -+ an.
In particular, all weights are > —q, and the weights of an n-ary operator are < ngq.

Proof (1) ‘We have (mt)*yo‘ = t_‘alyo‘ and (mt)*% =t %, while f(x) and % are fixed.
(2) The map 6, is multiplication by t» on C*(APv), so 0; o D o (6; 1)@ = tpo—(Pit-tpn) D,
(3) The brackets are natural under (m;), and (0;)., and 6; is an algebra automorphism.

(4) Lemma 5.13 with A = my gives
(00) U (X1, X)) =ULY (M) X1,y (me) o X).

This proves (4) for homogeneous X;. The general case follows since U4V is well defined on completed inputs
[16, Theorem 4.7]. O

The only term of 7, that could have weight —2 vanishes by coisotropy.

Lemma 5.17. For every normalized tubular neighbourhood ¢ of N in S, wt(my) > —1.

Proof. By Lemma 5.16(1), the only possible term of weight —2 is Wik(x, 0) % A %. Since v(¢) = id,, this
term is (A2 prg)(ms|n) = Ps(ms), which vanishes because N is coisotropic in S. O

The gauge generator comes from the fact that § fixes N pointwise and induces the identity on v.

Lemma 5.18. There is a formal vector field X on v with wt(X) > 1 and §, = e*Ix.

35



Proof. Write

d(z,y) = (z + a(z,y), y + b(z.y)). (5.15)
Since §|y = idy and v(4) =id,,
a(xz,0) =0, b(z,0)=0, S—Z(x,O) =0.

Hence wt(a) > 1 and wt(b) > 2. Note that g—g(ac,O) need not vanish.
We claim that R := §* —id raises the weight by at least 1. For f = g(x)y?,

§f—f=(9(x+a)—gx)(y+b*+g(x)(y+b*—y*),

and each term on the right contains a factor a, or a factor b in place of a factor y.
It follows that (1)
Y :=logd* = —R"

converges and raises the weight by at least 1. We claim that Y is a derivation. Set T := 6* = e¥. Modulo
any fixed level of the weight filtration, e'¥ is polynomial in ¢. For f, g, the expression e/¥ (fg) — 'Y (f)et¥ (g)
is polynomial in ¢t modulo that level and vanishes for every ¢t = n € N, since e®¥ = T" is an algebra auto-
morphism. Hence it vanishes identically. Differentiating at t = 0 gives Y(fg) =Y (f)g + fY (g). Thus YV is
a formal vector field with wt(Y") > 1. On multivector fields,

(01 A=e"oAo(eV)®F = erdv 4,
Hence X := —Y satisfies 6, = e2dx, O

The weight controls X and the factor e controls ery,. We combine them into a single filtration. For k € Z,
set

Fraule] = {Z €Ayt wt(Ag) + 2a > k}, FFD(b)[e] := {Z €*Dy, : wt(Dy) + 2a > k} (5.16)

Lemma 5.19. (1) The filtrations (5.16) are complete, and UV is filtered in the sense of (4.8).
(2) emy € F' for every normalized ), and X € F*.
(3) LetY € F'D(b)[e] have degree 0, and let Y be the coderivation of the tensor coalgebra of V := b[e][1]

with components Y. Then e is well defined.

Proof. (1) Compatibility with d = [m, -] and with the brackets, and filteredness, follow from Lemma 5.16(3),(4).

Let I" C g, be the elements whose monomials satisfy |a| > 7, and W* C g, the elements whose homo-
geneous components have weight > k. Since 0 < s < ¢, Lemma 5.16(1) gives |a| — ¢ < wt < || for every
monomial, hence I¥+9 ¢ W* C I*¥. So W* and I*® define the same topology, and g,, is complete and separated
for W* because it is for I°.

By definition, Y, €% 4, € F* if and only if 4, € W*~2¢ for all a. Since all weights are > —q, F~9 = g, [€],
and ), Fk =0. Let Z, = Y a €*Ar o be a Cauchy sequence. For each k there is Ry with

Arg—Asa € Wh—2a (r,s > Rk, a>0).
For fixed a, taking k = j + 2a with j arbitrary shows that (A,,), is Cauchy for W*, so it converges to
some A, € g,. Set Z:=3 €*A,. Let r > Ry. For each a, choose s > Ry, with A, , — A, € Wk—2a_ Then
Ao — A= (Ara — Aso) + (Asa — Ay) € WE24 50 Z, — Z € F*. Hence Z, — Z.

By Lemma 5.16(2), an operator of arity n has weights in [~¢,ng]. So W* contains no nonzero operator of
arity n when k > ng, and a Cauchy sequence in @(b) has stationary components in each arity. It converges
to the element whose components are these stationary values. Thus ﬁ(b) is complete and separated for W,
and the argument above applies verbatim.

(2) By Lemma 5.17, wt(my) +2 > 1. By Lemma 5.18, wt(X) > 1.

(3) Write Y = > €*Y, , with wt(Y, ) = w and w + 2a > 1. By Lemma 5.16(2), ?a’w lowers the total
exterior degree by w. On V®", this degree lies in [0, ng], and it stays > 0 after any number of applications,
even though the tensor length may grow. Hence, if i}al,wl e }A’aj,wj is nonzero on V®" then

ng > wi+---+w; > j—2a+---+aj).
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So Y7 =0 mod eV on V®" for j > ng+ 2N — 2. O

Remark 5.20. The filtration (5.16) starts at F~9 rather than at F'. However, F! is a sub-DGLA, since it
is closed under d and [F!, F!] ¢ F2 C F'. It contains ey and X, and UV maps F'g,[e] into F1D(b)[e]
by (1). We may therefore apply Lemma 4.4 to the restriction of 4"V to F!, with the induced filtration
FIDF?D ...
Proposition 5.21. The curved As-algebras of (S,10,V) and (S, 11, V) are isomorphic.
Proof. Since g, has zero differential, (5.14), Remark 4.3 and Lemma 5.18 give

emp, = X - (emy,), X € FL

By Lemma 5.19(1), Remark 5.20 and Lemma 4.4(2), the Maurer-Cartan elements cw; := UL (emy,) are
gauge equivalent through some Y € F! of degree 0. The arity-zero component of Y is an element of b, so
by Lemma 5.16(2) its weight is < 0, and the condition wt +2a > 1 in (5.16) forces a > 1: it lies in e b[¢]. By

Lemma 5.19(3), e¥ is well defined, and Proposition 5.6 shows that it is an isomorphism from 0 (S%0:V) 1o
b,(8,%1,V) |
“ .

Comparing two connections. Let V, V' be connections on v. Here emy, is fixed, and only the morphism
UV changes. We show that ¢V and Uu»Y' are homotopic, following the proof of [28, Theorem 4.13], in
which only the shortening step needs to change.

Let (2%) be local coordinates on N, (u') the fibre coordinates of TN used in the Fedosov construction,
and ((3) the generators of b given by a local frame of v. Let D, D’ be the Fedosov differentials of V, V', let
0K = dzi%, and let k := w’ — w be the difference of the connection matrices.

Lemma 5.22. There is a fibrewise vector field & of form degree 0 and positive Fedosov filtration degree, with
coefficients vanishing at u = 0, such that D' = e*¢D. Its first term is

0
Cy—.
Y aCﬁ
Proof. We adapt the recursive argument of [8, Appendix C]; see also [28, Remark 4.6 and Proposition 4.7].
We use the Fedosov filtration of [28, Remark 4.6]: dz® and u’ have degree 1, % has degree —1, and (g, %

& = ui"'ﬂiﬂ (2)

have degree 0; on fibrewise multidifferential operators we pass to the u-adic completion, as in loc. cit. This
degree is additive under brackets and compositions. For it, dx has degree 0, the connection terms of D and
D’ have degree 1, and the Fedosov corrections have degree > 2. Hence D = —dk + (degree > 1), and D' — D
has degree > 1, with degree-1 component

i 0
By = da'r74(x) C.Ya—cﬁ
Suppose we have constructed fibrewise vector fields &1, ..., &, of form degree 0, with £, of degree s and

coefficients vanishing at u = 0, such that D, := e?dér ... e3e1 D satisfies E := D' — D, of degree > r + 1 (for
r=0, Do =D and E = D' — D). Both D, and D’ square to zero, since D, is conjugate to D. Hence
0= (D, +E)—D?=[D,,E] + E%

In degree r + 1 the only contribution is [—dk, Fy11], where E, 1 is the component of E of degree r + 1: all
other terms of [D,., E] have degree > r + 2, and E? has degree > 2r +2 > r +2. Thus dx E,11 = 0. Moreover,
E, 41 is the adjoint action of a fibrewise vector field of form degree 1. Since (5K(5§1 + (5}2151( is the identity in
positive form degree, E,;1 = 0k (g Ery1). Set & 41 := 0 ' Erqq. It is a fibrewise vector field of form degree
0 and of degree r + 1, since 5&1 preserves the degree, and its coefficients have positive u-degree, hence vanish
at u = 0. Since [{441, k] = Ik (§r41) = Erg1, the difference D' — e¢41 D has degree > r+2. Forr =0

: . _ 51 i 9
this gives §& = 0 E1 = u%”iﬂ@%.

Since the degrees of the &, increase, the Baker-Campbell-Hausdorff product £ of &1, £, ... (in this order)
converges, and e?d¢ = lim,. e?der ... e2de1 . Brackets of fibrewise vector fields of degree > 1 whose coefficients
vanish at v = 0 again have both properties, so £ has positive degree and coefficients vanishing at u = 0, and
D' = e D,

Finally, ad, raises the degree by at least 1, also on fibrewise multidifferential operators containing a?u‘ . for
instance [51, %] = fn'yj 3 Cv% has degree 0, while % has degree —1. Hence (ad¢)™ raises the degree by
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at least m, and e®d¢ converges on the completed Fedosov resolutions. In particular ¢ lies in the first filtration
step, as required in [28, Proposition 3.10]. O

Remark 5.23. Here & is only linear in u, and [51, %] = —/ﬂjﬁ Cv% need not vanish at v = 0. So the
shortening argument of [28, Corollary 4.10] does not apply verbatim. Lemma 5.24 replaces it.

Let 7,A and 7/, )\ be the lifting and shortening maps of D and D’. For a D-flat multivector field or
multidifferential operator w of form degree 0,

Mw)(ag, .. .,ax) = evg (w(r(ao), R T(ak))),

and similarly for ), where evq is evaluation at u = 0.

Lemma 5.24. (1) e¢7(a) = 7'(a) for every a € b.
(2) e sends D-flat multivector fields and multidifferential operators of form degree 0 to D'-flat ones,
and X o e?de = ).
In particular,
eMeo T = (V)7L (5.17)

Proof. Since the coeflicients of £ vanish at u =0,
evo(e*°h) = evy(b) (5.18)

for every fibrewise function b.

(1) We have D'(ef7(a)) = e*D7(a) = 0, and evg(eé7(a)) = a by (5.18). A D’-flat function is determined
by its value at u = 0.

(2) We have [D’, e2d¢w] = e2d¢[D,w] = 0. Since e*%w = e ow o (e=¢)®F+1) (1) and (5.18) give

N(e*<w)(a, . .., ar) = evo(e* w(r(ap), ..., 7(ar))) = A(w)(ao, . .., ar). O

Lemma 5.25. The morphisms U and UN" are Log -homotopic, through a homotopy compatible with the
e-adic filtration.

Proof. We follow the proof of [28, Theorem 4.13], with Lemma 5.22 in place of [28, Proposition 4.7]. The
ingredients are the following.

(1) The conjugacy D’ = e*d¢ D with ¢ of positive Fedosov filtration degree (Lemma 5.22), so that the dif-
ference of the two Fedosov twisting elements is gauge equivalent to zero, and the general comparison
of twisted morphisms [28, Proposition 3.10], which applies verbatim.

(2) Let A, := R[[ul,...,u™]] ® A®v, be the fibre algebra of the Fedosov resolution, and 7 (4;) its
multivector fields [16, §A.5], generated over A, by % and f’%ﬁ' For vector fields v,vy,...,v, €
T(A;), that is, elements linear in these generators, U (v) = v and Uy, (v1,...,v,) =0 (n > 2), as for
Kontsevich’s morphism [27, §7]. The first identity holds because U is the HKR map. For the second,
in [16, Eq.(9)] each vertex of the first type must have exactly one outgoing edge, since v; is linear in
the generators. So a contributing graph has n edges, and |Er| = 2n + m — 2 forces (n,m) = (2,0).
The only graph is then the two-cycle, whose weight vanishes by [27, Lemma 7.3]. The same holds
with coefficients in differential forms. Hence & and the difference of the two Fedosov twisting elements
are mapped to themselves.

(3) The compatibility of the shortening maps, which in [28, Corollary 4.10] uses that the gauge generator
is at least quadratic in the fibre coordinates, and which is replaced here by (5.17).

(4) The comparison of the two projections onto the zero D-cochains, as in [28, Lemma 4.12]. Its proof
uses the analogue of [28, Lemma 4.11], namely Lemma 5.24(2), together with the Fedosov homotopy
and the splitting of [28, Proposition 4.2 and Lemma 4.5], which hold verbatim for the resolutions of

16, §A.9).
Assembling (1)-(4) as in [28, Theorem 4.13] gives an Lo.-homotopy between 4*Y and U*'Y". Its R[e]-linear
extension is compatible with the e-adic filtration. O

Proposition 5.26. The curved As-algebras of (S,v,V) and (S,v,V') are isomorphic.
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Proof. By Lemma 5.25 and Lemma 4.4(3), U2 (emy) and urYy’ (emy) are gauge equivalent through some Y €
¢ D(b)[e] of degree 0. Then e converges e-adically, its arity-zero component lies in € b[e], and Proposition 5.6
shows that ¥ is an isomorphism from p%(5%:V) to 10:(S4.V), O

We can now compose the three comparisons.

Theorem 5.27. For any two quantization data d and d, the curved Ao-algebras {ud} and {ud'} are
isomorphic.

Proof. Let d = (S,¢,V) and d’ = (57,4, V’). As in the proof of Lemma 4.7, all the data depend only
on germs along N, and [19, Theorem 4.3] gives a Poisson diffeomorphism ¢: S — S’ with |y =idy. Let
A= v(p) and 91 == p Loy o A. Then 9|y =idy and v(11) = A=t oid, oA = id,, so ¢ is normalized.
Since p o1y o A1 =)/,

Proposition 5.21 Proposition 5.14 Y Proposition 5.26 Y ’
(Sv"/J»V) >(57¢17V) é(va,A*v) %(S,w,V),
and each arrow is an isomorphism of curved A,.-algebras. O

Remark 5.28. The structures x4 also depend on the torsion-free connection on N and the formal exponen-
tial map fixed in Subsection 5.2, that is, on the globalization data of [28, §4.1]. Their isomorphism class does
not depend on these data. Indeed, a change of torsion-free connection modifies the connection part of the
Fedosov differential by [0ks, -] with s = —Ju’u/ (F;’; — I‘fj)a%k, and the normalization of the Fedosov correc-
tion has no constant or linear term in w; neither involves the generators (3 of b. The recursion of Lemma 5.22
then gives a gauge generator at least quadratic in u, as in [28, Proposition 4.7]. The proof of Lemma 5.25
applies, with the arguments of [28, Corollary 4.10 and Lemmas 4.11-4.12] in place of Lemma 5.24, and gives
an L,-homotopy between the two formality morphisms. Lemma 4.4(3) and Proposition 5.6 conclude as in
Proposition 5.26. The same applies to the data fixed on A in Subsection 5.4, which are transported from N

by J.

Figure 2 summarizes the argument.

change ¢ change S change V
(Sawvv) T (S7¢17V) T (S/:¢/7A*V) —'% (S/,wlvvl)
| | |
| | |
6:’(/)_11[) 5*:6adx ‘/ . ‘ d
1 ¢: S — S’ Poisson D' =¢e*¢D
wt(X) = 1, wi(my) 2 —1 oy =idn, Ty = Aumr edeo Nt = (\)7!
filtration wt + 2a ' 1;’ v
5. Lem. 5.22, Lem. 5.24
Lem. 5.18, Lem. 5.17, (5.16) (5-13) e 922, Lem. 9
gauge naturality of U ury ~yvv’
Lem. 4.4(2) Lem. 5.13 Lem. 5.25, Lem. 4.4(3)
’
UL (emy) ~ UL (emy,) S 6=ATA ULY (emy) ~ UL (emy)
e¥ isomorphism strict isomorphism e’ isomorphism
l/Prop. 5.14
Prop. 5.21 , Prop. 5.26
pud 2 u? for all quantization data d,d’
Thm. 5.27

FIGURE 2. Independence of the quantization datum: each entry of d = (S, v, V) is changed
in turn, and the three isomorphisms are composed.

5.4. Quantization of infinitesimal 1-shifted coisotropics. We now apply the preceding construction to
the Py-algebra of Theorem 4.15: we quantize A C (U, 7§) and transport along ®°.

Let (¢, Ly, Lps) be a regular datum. On A, we fix the torsion-free connection and the formal exponential
map transported from N by J. They do not depend on e. Let d = (X,¢,V) be a quantization datum for
A C (U,7S), and let x4 be the curved A,-structure of Theorem 5.9 on a®[e]. We extend ®°: a — a°
R[e]-linearly to afe] — a®[e], and set

7d e\ — Aey e 7d e\ — Aey
o = (@) ol Yo (@)% (k>1), itV = (0) (i ).

39



Theorem 5.29. Let (¢, Ly, Las) be a regular datum, e a choice, and d = (3,6, V) a quantization datum for
A C (U,7§). Then {uke’d)}kzo is a curved As-structure on ale] with multidifferential structure maps, and:
(1) modulo e, uge’d) is the product of a and uée’d) =0 for k #2;
(2) py ¥ = 0(?);

(3) %(pf’d) o Alty,) mod € = (—1)(’“*1)(’“’2)/2526’7) for every k > 0, where T = (X,5). In particular
1,,(ed)
M

(4) the isomorphism class of {u,(ce’d)} does not depend on (e,d).

Proof. By Theorem 4.15(1), Theorem 5.9 applies to A C (U,7§). Identify N with A through J. Then ®° is
an algebra isomorphism of degree 0, induced by the vector bundle isomorphism ¢€: B, — Be. So Lemma 5.1
gives the first assertion and (1). Part (2) follows from Theorem 5.9(2).

(3) Since ®° preserves degrees, (5.10) holds for ®°. Conjugate Theorem 5.9(3) by ®° and use Theo-
rem 4.15(2).

(4) Let (€’,d’) be another choice. Write 7y := 7§, @ := a°, ® := ®°, and denote by primes the objects of
€’. By Proposition 4.14 there is a Poisson diffeomorphism ©: (V,7) — (V/, 7)), where V.C U and V' C U’
are open neighbourhoods of A, with ©|a = ida. The data depend only on germs along A, so we may assume
Y CV. Set

mod € =dp,;

Y :=0(%), A=vOg):vs vy, d°:= (Y, 000N AV).
Here A is a vector bundle isomorphism over ida. Then ¥’ is a Poisson transversal of (V',7() containing
A coisotropically, and O|g: ¥ — ¥’ is a Poisson diffeomorphism which is the identity on A. The proof
of Proposition 5.14 uses only these two facts. Hence d® is a quantization datum for A C (U’, 7)), and
A®A: by — by is a strict isomorphism from p?>9 to sz”de. The data fixed on A are unchanged, since
O|a =ida.

Let ®x: a — by and @y : @ — by be the maps (4.13) for A, and © := A*(0%)"': @ — @, with©Op: B —
B’ as in the proof of Theorem 4.15(3). By the proof of Lemma 4.6, (A®*A) o @5, = &5 0 ©. By Lemma 5.7,
© is a strict isomorphism from p®9 to ua/’de, and

U= (®) 'oOo®:a—a
. .. . (e,d) (e',d®)
is a strict isomorphism from {u; "’} to {u;, I3
By Theorem 5.27 for A C (U, 7)) and Lemma 5.7 with ®' on both sides, there is an isomorphism p from
1] / ’ ~
{/A,(f d )} to {,u,(ce d )}. Since W is strict, the composite ¢ o T(¥[1]) has components gy and g} o0 ¥®* and
01 © ¥ is bijective. So it is an isomorphism from {,u,(ce’d)} to {,u,ie d )}. O

Write H®(B.) for the Lie algebroid cohomology of B.. By (4.25), ®° induces an isomorphism H*®(B.) —
H*(B°).
Corollary 5.30. Let (c,Ly, L) be a regular datum and (e,d) as in Theorem 5.29. For a € eal[e], let
wed):a pe the change of base point of {u;e’d)} by a, in the sense of (5.9).

(1) If H*(B.) = 0, there is a € ea'[e] such that &9 is flat.

(2) If moreover H'(B.) = 0, then H, := H°(a[e], ,uge’d)’a) is a topologically free R[e]-module, isomorphic
to H°(B.)[€] with the e-adic topology, and reduction modulo € induces an isomorphism H,/eH, —
H°(B.). Through any R[e]-linear isomorphism H°(B.)[e] — H, reducing to the identity modulo e,
the product uge’d)’a is a star product on H°(B.) deforming the bracket induced by éée’T).

(8) If moreover (c,Ly,Lpy) comes from a 1-shifted coisotropic structure c: C — G with C source-
connected, this is a star product on C*(N)C deforming (3.4).

Proof. (1) and (2). Apply Theorem 5.11 to A C (U, 7§) and d. Its hypotheses hold since H*(B®) = H*(B.).
Let @ € €(a®)![e] be the resulting element, and a := (®°)~1(a) € ea'[e]. As in the proof of Theorem 5.11,
ped):a ig the transport along ®° of the change of base point of u® 9 by @. So it is flat, and ®° induces
an isomorphism of R[e]-algebras from H, onto the degree-zero cohomology of Theorem 5.11(2) for A. The

terms of uée’d)’a containing a involve ul(f’d) with k& > 3, so they are O(e?). The semiclassical limit then
follows from Theorem 5.29(3).
(3) This is Proposition 4.18. O
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Together with Theorem 5.29, this proves Theorem D from the introduction.

Remark 5.31 (Quantization of generalized reductions). Consider a 1-shifted coisotropic C — {*} as in
Example 3.17(2), with C = N source-connected. Here B. = ker Ly = A¢, so the datum is automatically reg-
ular. Theorems 4.15 and 5.29 therefore give a flat Po-structure on I'(A®Af) and a curved Ao.-quantization,
with the independence of auxiliary choices stated there. By Proposition 4.18, its classical bracket in degree
zero is the reduced Poisson bracket on C°(N)¢. If H'(Ac) = H?*(Ac) = 0, Corollary 5.30 gives a star
product on this algebra. In particular, under the hypotheses of Example 3.17(2), this applies to symplectic
and quasi-Hamiltonian reduction, and their generalizations to symplectic reduction along a submanifold [20]
and reduction of strong Dirac maps [4].
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