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Abstract. To quantize the reduction of a coisotropic submanifold of a Poisson manifold, Cattaneo and
Felder constructed a homotopy Poisson algebra together with a deformation quantization. Its degree-zero

cohomology is the reduced Poisson algebra, while the full homotopy structure retains information about the
formal embedding even when the reduced space is singular or trivial. On the integration side, Cattaneo

showed that a coisotropic submanifold integrates to a Lagrangian subgroupoid of any symplectic groupoid

integrating the ambient Poisson manifold. It is now recognized that both constructions fit into shifted
symplectic geometry: the Lagrangian subgroupoid presents a 1-shifted Lagrangian morphism of differentiable

stacks, and the homotopy Poisson algebra describes the associated 0-shifted Poisson structure. However, such

morphisms form only a special class of 1-shifted Lagrangians. We extend this picture to 1-shifted Lagrangians
and, more generally, 1-shifted coisotropics in 1-shifted symplectic differentiable stacks. We establish an

integration theorem for their infinitesimal description in terms of twisted Dirac structures and construct a

natural Poisson bracket on invariant functions. Under regularity hypotheses, we equip the associated Lie
algebroid complex with a flat P∞-structure and a curved A∞-quantization, independent of the auxiliary

choices up to isomorphism. The induced bracket in degree zero recovers the reduced Poisson bracket, and

suitable cohomological vanishing conditions yield a deformation quantization of invariant functions. This
extends the Cattaneo–Felder picture to more general reduction procedures, with the same infinitesimal data

governing integration and quantization.
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1. Introduction

The interplay between integration—passing from infinitesimal data to global structures—and quantiza-
tion—passing from classical to quantum systems—has driven some of the most influential developments in
modern mathematics and physics. On the physics side, a leading example is Feynman’s path integral formu-
lation of quantum mechanics [24]. On the mathematical side, a central milestone is Weinstein’s notion of
symplectic groupoids [50], which integrate Poisson manifolds and were introduced as a geometric framework
for their quantization.

Using insights from Feynman’s path integrals, Cattaneo and Felder [13, 14] clarified the link between
symplectic groupoids and quantization: for an integrable Poisson manifold, the Poisson sigma model, a
topological field theory, produces both its integrating symplectic groupoid, through classical reduction, and
Kontsevich’s star product [27], through perturbative quantization. Integration and quantization thus emerge
from the same model.

This framework was later extended to a relative setting: given a Poisson manifold M together with a
coisotropic submanifold N ⊂M , one seeks both an integration of N and a relative quantization of the pair
(M,N) [15, 16, 12]. The integration question has a concrete answer. The conormal bundle ν∗N is a Lie
subalgebroid of T ∗M and, when M is integrable, integrates to a possibly immersed Lagrangian subgroupoid
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L of a symplectic groupoid G integrating M . The quantization question leads to a more substantial change
of viewpoint.

To see why, write π for the Poisson bivector on M . The characteristic distribution π♯(ν∗N ) of a coisotropic
submanifold defines a possibly singular foliation F on N . If the leaf space N := N/F is a smooth manifold
and the quotient map is a submersion, then N inherits a Poisson structure. Without any smoothness
assumption on the quotient, the algebra

C∞(N)F := {f ∈ C∞(N) : df |π♯(ν∗
N ) = 0}

still carries a natural Poisson bracket, and one would like to quantize it. In the singular case, however, the
existence of this bracket gives no general guarantee of a deformation quantization. As Cattaneo and Felder
emphasize [16], the attempt to obtain a star product from the coisotropic data can encounter anomalies,
or cohomological obstructions. Moreover, the invariant algebra can be trivial even when the coisotropic
embedding has nontrivial geometry. Thus both the obstructions to quantization and the information lost on
passing to invariant functions lead one to reconsider the object being quantized.

Cattaneo and Felder’s approach is to quantize the complex from which the invariant algebra arises:
the Chevalley–Eilenberg complex Γ(∧•νN ) of the conormal Lie algebroid, whose degree-zero cohomology
is C∞(N)F . They equip it with a homotopy Poisson, or P∞, structure: an L∞-structure whose brackets are
multiderivations of the exterior product and whose induced bracket on degree-zero cohomology is the origi-
nal Poisson bracket [16]. Its higher brackets are obtained from the ambient Poisson structure by Voronov’s
derived-bracket formalism [46]; in the symplectic case, such a homotopy structure was also obtained by Oh
and Park [38], as noted in [16].

The crucial point is that this P∞-algebra always admits a quantization as a possibly curved A∞-algebra.
The anomalies appear when one tries to pass from this quantization to a star product on invariant functions:
one must remove the curvature and lift classical invariant functions to quantum ones. These are cohomological
problems, with obstructions in degrees two and one, respectively. The homotopy algebra therefore provides
a quantization even when this passage is obstructed, and identifies the conditions under which it recovers a
quantization of the original reduced Poisson algebra.

In retrospect, one can recognize in the Cattaneo–Felder–Oh–Park construction a differential-geometric
incarnation of a general principle in shifted Poisson geometry: an n-shifted coisotropic in an n-shifted
Poisson stack inherits an (n − 1)-shifted Poisson structure [36]. Indeed, the symplectic groupoid G ⇒ M
integrating M presents a 1-shifted symplectic stack, and the Lagrangian subgroupoid L⇒ N integrating N
presents a 1-shifted Lagrangian morphism

[N/L] −→ [M/G].
The general principle therefore predicts 0-shifted Poisson geometry on the source. At the infinitesimal level,
the source is modeled by the dg manifold ν∗N [1], whose algebra of functions is precisely the conormal Lie
algebroid complex. A 0-shifted Poisson structure on this dg manifold is a P∞-structure with unary bracket
equal to the Lie algebroid differential [41]. This is the form of the structure constructed by Cattaneo–Felder
and Oh–Park: the homotopy Poisson algebra introduced to address the quantization problem is also the
infinitesimal structure expected from shifted geometry. This interpretation does not, however, make the
differential-geometric construction a direct corollary of the abstract derived-algebraic results. Constructing
the higher brackets on the conormal Lie algebroid complex requires a choice of tubular neighbourhood, and
showing that different choices yield L∞-isomorphic structures is a further geometric result [17].

The shifted viewpoint suggests that this differential-geometric construction should extend beyond
coisotropic submanifolds. Their integrations account for only a special class of 1-shifted Lagrangians on
differentiable stacks, so extending the classical construction to general 1-shifted Lagrangians already raises
new questions. Moreover, the shifted principle applies more generally to 1-shifted coisotropics, whose
description in terms of Lie groupoids and Dirac structures was developed in [34]. This provides a convenient
framework in which to ask whether these more general objects, including 1-shifted Lagrangians, admit an
infinitesimal description and a quantization extending the classical coisotropic construction. More precisely:

(1) What is the infinitesimal analogue of a 1-shifted coisotropic structure on a differentiable stack, and
how does it integrate to a morphism of Lie groupoids?

(2) How can one construct the 0-shifted Poisson structure associated with an infinitesimal 1-shifted
coisotropic as a homotopy Poisson algebra?
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(3) How can one construct a deformation quantization of this homotopy Poisson structure?

The goal of this paper is to address all three questions, under regularity hypotheses for the homotopy Poisson
and quantization constructions.

The interest in this extension comes in part from generalized Hamiltonian reduction. Quasi-symplectic
groupoids encompass ordinary, Poisson–Lie, and group-valued moment maps [51], while reduction along
submanifolds and strong Dirac maps includes constructions such as symplectic cutting and implosion [20, 4].
Hamiltonian Dirac spaces and reduction levels can be described as 1-shifted coisotropics, with reduction
expressed through their intersections [34]. Extending the integration and quantization picture to these
coisotropics is thus motivated by reduction procedures already present in differential geometry and geometric
representation theory.

The passage from the shifted principle to the differential-geometric constructions in these questions re-
quires substantial work. Abstract derived-algebraic existence results do not immediately produce the higher
multiderivations on a smooth Lie algebroid complex, relate them to the Poisson bracket on invariant func-
tions, or establish their independence of geometric choices. General quantization results are available, notably
Pridham’s work on 0-shifted Poisson and 1-shifted coisotropic structures, including differential-geometric for-
mulations [40, 41]. Even with these results, one must identify the relevant structures in the Dirac model
and establish their relation to the classical constructions. We carry out this passage directly: the same Lie
algebroid supplies the infinitesimal object to be integrated and the cochain algebra to be quantized, and
geometric Poisson models extend the Cattaneo–Felder construction to the Dirac setting (see also Ševera [48]
for a related approach to deformation quantization of Dirac structures).

We now explain the results, beginning with the integration question. To pass beyond the symplectic-
groupoid picture, one replaces G by a quasi-symplectic groupoid (G, ω)⇒ (M,ϕ): a Lie groupoid equipped
with a multiplicative 2-form ω and a closed 3-form ϕ satisfying compatibility and nondegeneracy conditions
[51, 7]. Up to symplectic Morita equivalence, these groupoids present 1-shifted symplectic differentiable
stacks. Correspondingly, a 1-shifted Lagrangian morphism C → G is described by a 2-form on N := C0
satisfying suitable conditions [39]. The passage from Lagrangians to coisotropics replaces this 2-form by a
twisted Dirac structure LN [34].

Quasi-symplectic groupoids integrate twisted Dirac structures, just as symplectic groupoids integrate
Poisson structures; the relation with infinitesimal shifted symplectic geometry is developed in [42]. Writing
LM for the ϕ-twisted Dirac structure integrated by G, differentiation of a 1-shifted coisotropic therefore leads
to a smooth map

c : (N,LN , ψ) −→ (M,LM , ϕ) (1.1)

satisfying
c∗ϕ = ψ. (1.2)

No forward- or backward-Dirac condition on c is imposed. Instead, the infinitesimal coisotropic condition
singles out the bundle

Bc := {((u, α), (v, β)) ∈ LN × LM : c∗u = v, α = c∗β} . (1.3)

For a 1-shifted coisotropic, the Lie algebroid AC identifies with Bc. This observation led to the following
candidate for the infinitesimal notion [34, Definition 3.13].

Definition 1.1. An infinitesimal 1-shifted coisotropic is a map (1.1) satisfying (1.2) for which Bc has
constant rank.

The constant-rank condition makes Bc a Lie algebroid, with anchor ((u, α), (v, β)) 7→ u, whose projections
to LN and LM are Lie algebroid morphisms (Theorem 2.3(1)). Thus the candidate already has the algebraic
structure needed for integration. The remaining question is geometric: when these Lie algebroid data
integrate, does LN automatically satisfy the compatibility condition with the quasi-symplectic form on G?
This is the integration conjecture of [34, Conjecture 1.6 and §3.4], which we establish in the following form.

Theorem A. Let c : (N,LN , ψ) → (M,LM , ϕ) be an infinitesimal 1-shifted coisotropic. Suppose that
(M,LM , ϕ) integrates to a quasi-symplectic groupoid (G, ω) ⇒ (M,ϕ) and that Bc integrates to a source-
simply-connected Lie groupoid C ⇒ N . Let c : C → G integrate the projection Bc → LM . Then LN is a
1-shifted coisotropic structure on this groupoid morphism.
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For a coisotropic inclusion N ↪→ (M,π) with LN = TN ⊕ 0 and LM = Γπ, one has Bc
∼= ν∗N . Thus the

theorem recovers the integration of coisotropic submanifolds to Lagrangian subgroupoids [12]. For a general
inclusion with these Dirac structures, Bc identifies with ν∗N ∩ (π♯)−1(TN), and its constant-rank condition
is precisely the pre-Poisson condition [19, 18]. The theorem therefore also recovers Cattaneo–Zambon’s
integration of pre-Poisson submanifolds to isotropic subgroupoids [19, Proposition 7.2]. In this case, Bc is
also the stabilizer Lie algebroid governing reduction along a submanifold [20]. More generally, allowing an
arbitrary twisted Dirac structure LM and taking LN to be the graph of a 2-form recovers the reduction
levels of [4]. Thus these examples connect the infinitesimal definition directly with the geometric data used
in generalized reduction.

We next construct the Poisson algebra of invariant functions.

Theorem B. Let c : (C ⇒ N,LN ) → (G ⇒ M,ω, ϕ) be a 1-shifted coisotropic, and let LM be the induced
Dirac structure on M . Then C∞(N)C carries a natural Poisson bracket

{f, g} = df(vg), f, g ∈ C∞(N)C ,

where vg is any smooth vector field for which there is a smooth section βg of c∗T ∗M satisfying

(vg, dg + c∗βg) ∈ LN , (c∗vg, βg) ∈ LM .
Such pairs exist, and the bracket is independent of their choice. Coisotropic Morita equivalences induce
isomorphisms of these Poisson algebras.

This bracket recovers the usual coisotropic reduced bracket when N is a coisotropic submanifold of a
Poisson manifold M . In the general setting of the theorem, it defines a Poisson structure on N/C whenever
this quotient is a smooth manifold and the quotient map is a submersion. The invariant Poisson algebra
remains available when the orbit space is singular.

To approach the quantization of this Poisson algebra, we follow the Cattaneo–Felder construction and
pass to the Chevalley–Eilenberg algebra

ac := Γ(∧•B∗
c ), dBc : a

•
c −→ a•+1

c .

Its degree-zero cohomology is the algebra C∞(N)Bc of functions annihilated by the anchor of Bc. For an
integrated 1-shifted coisotropic with source-connected C, this is C∞(N)C . We call the infinitesimal datum
regular if LN ∩ TN and LM ∩ TM both have constant rank, as in Subsection 4.6. This hypothesis concerns
the Dirac structures; it does not require the orbit space to be smooth.

Theorem C. Every regular infinitesimal 1-shifted coisotropic determines a flat P∞-structure (ℓk)k≥0 on
ac with ℓ1 = dBc . Its L∞-isomorphism class is independent of the auxiliary choices in its construction. If
the datum comes from a 1-shifted coisotropic C → G with C source-connected, the bracket induced by ℓ2 on
H0(ac, ℓ1) is the Poisson bracket of Theorem B.

The construction proceeds through pre-Poisson submanifolds, following Cattaneo–Zambon [19]. Their
coisotropic embedding theorem allows the Cattaneo–Felder construction to be applied inside a Poisson
transversal, a method they already used to obtain deformation quantization of pre-Poisson reduction. To-
gether with their uniqueness theorem and the equivalence results of [17], this yields a P∞-structure on the
stabilizer cochains, independent of choices up to L∞-isomorphism. We use this construction as the starting
point for the passage to 1-shifted coisotropics.

For general Dirac data, we also use coisotropic Poisson extensions of Dirac manifolds with constant-rank
kernel [19]. We replace the map c by its graph in a product of auxiliary twisted Poisson manifolds. The
equality ψ = c∗ϕ allows the product twist to be removed near the graph, yielding an ordinary pre-Poisson
submanifold whose associated Lie algebroid is Bc. Higher derived brackets then give the required structure.
Comparison of the choices uses Poisson neighbourhood equivalences, including the results of [19], together
with the equivalence theory of higher derived brackets [17].

Finally, the relative formality theorem of Cattaneo–Felder quantizes these Poisson models, yielding a
curved A∞-structure on the Lie algebroid complex. Its first-order terms recover the homotopy Poisson
structure constructed above.

Theorem D. Let c be a regular infinitesimal 1-shifted coisotropic. There is a curved A∞-structure (µk)k≥0

on acJϵK, with multidifferential structure maps, such that

µ2(a, b) = a ∧ b+O(ϵ), µk = O(ϵ) (k ̸= 2), µ0 = O(ϵ2),
4



whose semiclassical limit is the P∞-structure of Theorem C:

µ1 = ϵ dBc +O(ϵ2), µ2(a, b)− (−1)|a||b|µ2(b, a) = ϵ ℓ2(a, b) +O(ϵ2),

and more generally µk ◦Altk = ± ϵ ℓk +O(ϵ2) for every k, where Altk is graded antisymmetrization and the
sign depends only on k (Theorem 5.29). Its curved A∞-isomorphism class is independent of the choices of
local models, Poisson transversals, tubular neighbourhoods, and normal-bundle connections, as well as of the
globalization data fixed on N (Remark 5.28).

If H2(Bc) = 0, the curvature can be removed by a formal change of base point. If also H1(Bc) = 0, the
resulting degree-zero cohomology can be identified with C∞(N)BcJϵK, and its induced product is a star product
deforming the Poisson bracket induced by ℓ2 on C∞(N)Bc , which is the bracket of Theorem B when the datum
comes from a 1-shifted coisotropic C → G with C source-connected.

The two cohomological hypotheses have distinct roles: H2 controls the removal of curvature, while H1

controls the lifting of invariant functions. In the pre-Poisson case, the resulting deformation of invariant
functions recovers the existence result of [19, Theorem 6.2]. When M is a point, Bc = LN ∩ TN and ac is
the foliated de Rham complex of the regular foliation integrating LN ∩ TN ; Theorems C and D then recover
[19, Proposition 8.6 and Theorem 8.5]. The homotopy construction also applies when H1(Bc) or H2(Bc)
does not vanish, retaining the curvature and higher operations as part of the quantized structure.

These results bring us back to the question of quantizing a reduced phase space. In Hamiltonian reduction,
one restricts to a level set of the moment map and then divides by the corresponding symmetries. The
shifted coisotropic framework also allows more general reduction procedures, such as symplectic reduction
along a submanifold [20] and reduction of strong Dirac maps [4]; see §3.4. Under the hypotheses above, the
Lie algebroid governing the reduction supplies a homotopy Poisson algebra whose degree-zero cohomology
carries the reduced Poisson bracket, and this homotopy algebra admits a curved A∞-quantization. When
the cohomological obstructions vanish, it yields a star product on the invariant functions. Even when the
reduced space is smooth, its Poisson algebra does not retain all the information carried by the reduction
data. The homotopy construction retains part of this information and makes explicit the obstructions to
obtaining an associative deformation of invariant functions.

Organization of the paper. In §2, we recall 1-shifted coisotropic structures on Lie groupoids and prove
the integration theorem. In §3, we construct the Poisson bracket on invariant functions and show that it is
invariant under coisotropic Morita equivalence; this invariance also reduces the Jacobi identity to the case of
an inclusion. In §4, we construct the flat P∞-structure first for pre-Poisson submanifolds and then for regular
infinitesimal 1-shifted coisotropics through local Poisson models, proving Theorem C. Finally, §5 quantizes
these structures using the relative formality theorem and proves Theorem D.

Acknowledgments. We thank Hamza Bakhouch, Damien Calaque, Peter Crooks, Matias del Hoyo and
Mohamed Moussadek Maiza for useful discussions. Y.A.M. thanks the Institut des sciences mathématiques
(ISM) for financial support. M.M. acknowledges support from a Discovery Grant (RGPIN-2023-04587) from
the Natural Sciences and Engineering Research Council of Canada (NSERC).

2. Differentiation and integration of 1-shifted coisotropics

In this section, we recall the description of 1-shifted coisotropic structures in terms of Lie groupoids and
twisted Dirac structures [34], and prove the integration theorem announced in Theorem A. We follow the
conventions of [32].

The integration theorem is new even in the more familiar setting of 1-shifted Lagrangians. Working
directly with 1-shifted coisotropics provides a convenient framework for proving this result, as well as greater
generality. In particular, the coisotropic formulation is symmetric: both the source and the target carry
twisted Dirac structures, whereas the Lagrangian case involves a 2-form on the source and a twisted Dirac
structure on the target.

2.1. Preliminaries on Lie algebroids and multiplicative forms. We recall some standard facts about
Lie algebroids, their cohomology, and multiplicative forms, fixing the notation and conventions used below.

A Lie algebroid over a manifold M is a vector bundle A→M with a Lie bracket on Γ(A) and a bundle
map ρ : A→ TM , called the anchor, satisfying

[v, fw] = f [v, w] + ρ(v)(f)w, v, w ∈ Γ(A), f ∈ C∞(M).

5



The graded commutative algebra Γ(∧•A∗) carries the Chevalley–Eilenberg differential dA, given on
η ∈ Γ(∧kA∗) by

(dAη)(v0, . . . , vk) =

k∑
i=0

(−1)iρ(vi)
(
η(v0, . . . , v̂i, . . . , vk)

)
+

∑
0≤i<j≤k

(−1)i+jη([vi, vj ], v0, . . . , v̂i, . . . , v̂j , . . . , vk).

It is a derivation of degree 1 satisfying d2A = 0, and is determined by its values on functions and 1-forms:

(dAf)(v) = ρ(v)(f),

(dAα)(v, w) = ρ(v)
(
α(w)

)
− ρ(w)

(
α(v)

)
− α([v, w]).

The cohomology of this differential graded algebra is the Lie algebroid cohomology

Hk(A, dA) :=
ker

(
dA : Γ(∧kA∗)→ Γ(∧k+1A∗)

)
im

(
dA : Γ(∧k−1A∗)→ Γ(∧kA∗)

) . (2.1)

In particular,
H0(A, dA) = {f ∈ C∞(M) : ρ(v)(f) = 0 for all v ∈ Γ(A)}.

Every Lie groupoid K⇒ X, with source s, target t, and unit section 1, has a Lie algebroid

AK = ker s∗|1(X), ρK = t∗|AK ,

viewed as a vector bundle over X. Its bracket is induced by the commutator of right-invariant vector fields
[32]. A 2-form θ on K is multiplicative if

m∗θ = pr∗1 θ + pr∗2 θ

on the manifold K(2) of composable pairs, where m is multiplication and pri are the projections. Its infini-
tesimal multiplicative form (IM form) is the bundle map

σθ : AK −→ T ∗X, σθ(a)(w) = θ1x(a, 1∗w),

for a ∈ (AK)x and w ∈ TxX.

2.2. 1-shifted coisotropics and Morita equivalence. We recall the Lie groupoid description of 1-shifted
coisotropic structures and their Morita equivalences from [34]. We also establish a relation between the base
Dirac structures of symplectically Morita equivalent groupoids, which will be used later to prove Morita
invariance of the Poisson bracket on invariant functions.

Let (G, ω)⇒ (M,ϕ) be a quasi-symplectic groupoid, C ⇒ N a Lie groupoid, and c : C → G a Lie groupoid
morphism. We use the same symbol for its base map N → M . The quasi-symplectic structure induces a
ϕ-twisted Dirac structure LM on M , with a canonical Lie algebroid isomorphism [7]

(ρG , σω) : AG
∼=−→ LM .

A 1-shifted coisotropic structure on c is a twisted Dirac structure (LN , ψ) onN satisfying the following
conditions.

(1) Compatibility. We have
ψ = c∗ϕ, t∗LN = s∗LN + Γc∗ω.

Here s and t are the source and target of C, pullbacks are backward images of Dirac structures, and
addition of Γc∗ω is the gauge transformation by c∗ω; see [34, §2.2].

(2) Nondegeneracy. The map
AC −→ LN ×c AG ,

a 7→
(
(ρC(a), c

∗σω(c∗a)), c∗a
) (2.2)

is fibrewise bijective,1 where

LN ×c AG := {((v, α), a) ∈ LN ⊕ c∗AG : c∗v = ρG(a), α = c∗σω(a)} .
1Our 1-shifted coisotropics are the strong 1-shifted coisotropics of [34], whose general definition allows this map only to be

surjective. The stronger notion is more natural for the purposes of this paper, since it identifies AC with the Lie algebroid

determined by the infinitesimal Dirac data. We therefore use the term coisotropic for this notion throughout.
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A 1-shifted Lagrangian structure is the special case where LN is the graph Γγ = {(v, ιvγ) : v ∈ TN} of
a 2-form γ ∈ Ω2(N) [39, 34]. Another example is the identity morphism G → G, equipped with the induced
Dirac structure LM on its base [34, Proposition 3.6].

Let ci : Ci → Gi be Lie groupoid morphisms, with (Gi, ωi, ϕi) quasi-symplectic for i = 1, 2. A Morita
equivalence between them consists of a diagram of the following form [34, Definition 7.1]:

K

C1 C2

L

G1 G2

ψ1 ψ2

h
θ1

c1

θ2

c2
φ1 φ2

(2.3)

in which the ψi are Morita morphisms, the span G1 ← L → G2 is a symplectic Morita equivalence with
1-shifted Lagrangian structure γ ∈ Ω2(L0), and θi : ciψi ⇒ φih are natural transformations.

If c1 and c2 carry 1-shifted coisotropic structures L1 and L2, the diagram (2.3) is a coisotropic Morita
equivalence if in addition

ψ∗
2L2 = ψ∗

1L1 + Γδ, δ := −h∗γ + θ∗1ω1 − θ∗2ω2. (2.4)

The 2-form δ is called the connecting 2-form of the equivalence. Two 1-shifted coisotropics are equivalent
in this way if and only if they represent isomorphic coisotropic structures on the underlying stacks [34, §10].

The proof of Morita invariance in Subsection 3.2 requires the following result.

Lemma 2.1. Let (G1 ⇒M1, ω1, ϕ1) and (G2 ⇒M2, ω2, ϕ2) be quasi-symplectic groupoids with induced base
Dirac structures LM1

, LM2
. Suppose there is a symplectic Morita equivalence

L

G1 G2

φ1 φ2

with 1-shifted Lagrangian structure γ ∈ Ω2(L0). Then φ∗
1LM1 = φ∗

2LM2 + Γγ .

Proof. The symplectic Morita equivalence gives

φ∗
1ω1 − φ∗

2ω2 = t∗γ − s∗γ,

φ∗
1ϕ1 − φ∗

2ϕ2 = −dγ.
(2.5)

Both sides of the claimed equality are pointwise Lagrangian, so it suffices to prove one inclusion. Let
(v, φ∗

1α) ∈ φ∗
1LM1 . Choose a ∈ AG1 such that

φ1∗v = ρG1
(a), α = σω1

(a).

By [34, Lemma 5.5], there is ã ∈ AL with

φ1∗ã = a, ρL(ã) = v.

Set b = φ2∗ã, so that ρG2(b) = φ2∗v. Taking IM forms in the first identity of (2.5) and evaluating at ã gives

φ∗
1α− φ∗

2σω2
(b) = ivγ.

Since (φ2∗v, σω2(b)) ∈ LM2 , it follows that (v, φ
∗
1α) ∈ φ∗

2LM2 + Γγ . □

2.3. Infinitesimal 1-shifted coisotropics. We now identify the infinitesimal data associated with a 1-
shifted coisotropic and prove that these data recover the coisotropic structure whenever the relevant Lie
algebroids are integrable. We conclude with examples relating this correspondence to coisotropic submani-
folds, reduction levels, and strong Dirac maps.

Given a 1-shifted coisotropic c : (C ⇒ N,LN )→ (G, ω, ϕ), the base map is a smooth map between twisted
Dirac manifolds

c : (N,LN , ψ) −→ (M,LM , ϕ)

7



with ψ = c∗ϕ, but satisfying no other compatibility conditions between the Dirac structures such as forward
or backward Dirac. Under the identification AG ∼= LM , the nondegeneracy condition (2.2) gives a vector
bundle isomorphism

AC ∼= Bc,

where
Bc := {((u, α), (v, β)) ∈ LN ⊕ c∗LM : c∗u = v, α = c∗β} .

In particular, Bc has constant rank and depends only on the base map and the two twisted Dirac structures.
This motivates the following definition, proposed in [34, Definition 3.13].

Definition 2.2. An infinitesimal 1-shifted coisotropic is a smooth map

c : (N,LN , ψ) −→ (M,LM , ϕ)

between twisted Dirac manifolds such that ψ = c∗ϕ and Bc has constant rank.

Recall that a twisted Dirac manifold (M,LM , ϕ) is integrable if LM is integrable as a Lie algebroid. In
that case, its source-simply-connected integration carries a unique multiplicative 2-form making it a quasi-
symplectic groupoid with induced Dirac structure LM [7]. We call any quasi-symplectic groupoid with this
induced twisted Dirac structure an integration of (M,LM , ϕ).

The following theorem establishes the integration conjecture of [34].

Theorem 2.3. Let c : (N,LN , ψ)→ (M,LM , ϕ) be an infinitesimal 1-shifted coisotropic.

(1) Bc is a smooth vector bundle over N with a unique Lie algebroid structure such that the two projec-
tions

Bc

LN LM

are Lie algebroid morphisms.
(2) Suppose that (M,LM , ϕ) integrates to a quasi-symplectic groupoid (G, ω) ⇒ (M,ϕ) and that Bc in-

tegrates to a source-simply-connected Lie groupoid C ⇒ N . Let c : C → G integrate the projection
Bc → LM ∼= AG. Then LN is a 1-shifted coisotropic structure on c.

Proof. (1) The set Bc is the kernel of the vector bundle map

LN ⊕ c∗LM −→ c∗TM ⊕ T ∗N, ((u, α), (v, β)) 7→ (c∗u− v, α− c∗β).

Hence, the constant-rank assumption implies that Bc is a smooth vector bundle.
Let P = N ×M , let j : N → P be the graph embedding j(x) = (x, c(x)), and write S = j(N). Consider

the twisted Dirac structure
D = LN × (−LM )

on P , with background 3-form
η = pr∗N ψ − pr∗M ϕ,

where −LM = {(v,−β) : (v, β) ∈ LM}. The map

LN × LM −→ D, ((u, α), (v, β)) 7→ ((u, v), (α,−β))
is an isomorphism of Lie algebroids. Under this identification, Bc corresponds to

E = D|S ∩
(
TS ⊕ (TS)◦

)
,

where (TS)◦ ⊂ T ∗P |S is the conormal bundle. Indeed, (u, v) ∈ TS precisely when v = c∗u, and (α,−β) ∈
(TS)◦ precisely when α = c∗β. Moreover,

j∗η = ψ − c∗ϕ = 0.

We claim that E is a Lie subalgebroid of D. Its anchor takes values in TS by construction. Let (Xi, ξi),
i = 1, 2, be local sections of D whose restrictions to S take values in E. Then

Xi ◦ j = j∗ui, j∗ξi = 0

for some vector fields ui on N . Their twisted Dorfman bracket is

J(X1, ξ1), (X2, ξ2)Kη =
(
[X1, X2],LX1

ξ2 − iX2
dξ1 + iX2

iX1
η
)
.
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The vector component is tangent to S, and the covector component annihilates TS, since

j∗
(
LX1

ξ2 − iX2
dξ1 + iX2

iX1
η
)
= Lu1

j∗ξ2 − iu2
dj∗ξ1 + iu2

iu1
j∗η

= 0.

Since D is involutive, this bracket restricts to a section of E, proving the claim.
The induced Lie algebroid structure on E therefore gives a Lie algebroid structure on Bc, with anchor

((u, α), (v, β)) 7→ u.

The two projections are Lie algebroid morphisms, being the compositions of the inclusion into the product
Lie algebroid LN × LM with its projections.

Finally, any Lie algebroid structure on Bc for which both projections are morphisms makes their product
Bc → LN × LM a Lie algebroid morphism over j. Since this map is a vector bundle embedding over an
embedding of manifolds, its bracket and anchor must agree with the induced subalgebroid structure. This
proves uniqueness.

(2) Write Ω = c∗ω. We first show that

t∗LN = s∗LN + ΓΩ

holds on a neighbourhood of the unit section.
Let (H, γ)⇒ (N,ψ) be a local quasi-symplectic integration of LN . By Part (1), the projection Bc → LN

is a Lie algebroid morphism. It therefore integrates to a local Lie groupoid morphism

f : U −→ H
over the identity of N , where U ⊂ C is a neighbourhood of the unit section. The proof of [34, Proposition
3.6] applies to local quasi-symplectic groupoids and gives

t∗LN = s∗LN + Γγ

on H. Since backward images commute with gauge transformations and f covers the identity of N , pulling
back by f gives

t∗LN = s∗LN + Γf∗γ

on U .
Since f covers the identity of N , we have

d(f∗γ) = f∗(dγ) = f∗(s∗ψ − t∗ψ) = s∗ψ − t∗ψ.

Similarly, since c is a groupoid morphism and c∗ϕ = ψ,

dΩ = c∗(dω) = c∗(s∗ϕ− t∗ϕ) = s∗(c∗ϕ)− t∗(c∗ϕ) = s∗ψ − t∗ψ.

Thus, f∗γ and Ω have the same differential. We now compare their IM forms. Let

a = ((u, α), (v, β)) ∈ (Bc)x, w ∈ TxN.
Under the identifications AH = LN and AG = LM , we have

f∗a = (u, α), c∗a = (v, β).

Since f covers the identity of N and γ integrates LN ,

σf∗γ(a)(w) = γ(f∗a, 1∗w) = σγ(u, α)(w) = α(w).

Similarly, since ω integrates LM ,

σΩ(a)(w) = ω(c∗a, 1∗c∗w) = σω(v, β)(c∗w) = β(c∗w) = α(w),

where the last equality follows from α = c∗β in the definition of Bc. Thus, f
∗γ and Ω have the same IM form.

The uniqueness argument in [7, Proposition 3.5(iii)] applies equally to local Lie groupoids, after shrinking
to a neighbourhood of the unit section with connected source fibres. Hence, f∗γ = Ω after shrinking U .

Now let
K = {g ∈ C : (t∗LN )g = (s∗LN + ΓΩ)g}.

We show that K is a subgroupoid of C. It contains the unit section since U ⊂ K. Let ι : C → C be inversion.
Since s ◦ ι = t, t ◦ ι = s, and ι∗Ω = −Ω, pulling back the defining identity at g ∈ K by ι gives

(s∗LN )g−1 = (t∗LN + Γ−Ω)g−1 .
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Applying the gauge transformation by Ω shows that g−1 ∈ K.
Let h, g ∈ K satisfy s(h) = t(g), and let

(v, t∗α) ∈ (t∗LN )hg, (t∗v, α) ∈ (LN )t(h).

Since multiplication is a submersion, choose

(vh, vg) ∈ T(h,g)C(2)

such that m∗(vh, vg) = v. Then t∗vh = t∗v, so the defining identity for h ∈ K gives

t∗α = s∗β + ivhΩ, (s∗vh, β) ∈ (LN )s(h)

for some β ∈ T ∗
s(h)N . Since s∗vh = t∗vg, the defining identity for g ∈ K similarly gives

t∗β = s∗δ + ivgΩ, (s∗vg, δ) ∈ (LN )s(g)

for some δ ∈ T ∗
s(g)N .

At (h, g), multiplicativity of Ω now implies

m∗(t∗α− s∗δ − ivΩ) = pr∗1(t
∗α− s∗β − ivhΩ)

+ pr∗2(t
∗β − s∗δ − ivgΩ)

= 0.

Since m is a submersion, it follows that
t∗α = s∗δ + ivΩ.

Moreover,
(s∗v, δ) = (s∗vg, δ) ∈ (LN )s(hg).

Hence,
(t∗LN )hg ⊆ (s∗LN + ΓΩ)hg.

Both sides are Lagrangian subspaces, so they are equal. Thus, hg ∈ K, proving that K is a subgroupoid.
Since C is source-connected, every arrow g can be joined to 1s(g) by a path g(t) in its source fibre. A

sufficiently fine subdivision 0 = t0 < · · · < tk = 1 satisfies

g(ti)g(ti−1)
−1 ∈ U ⊂ K

for every i. Their product is g, so K = C. This proves compatibility.
Finally, under the identifications AC = Bc and AG = LM , the map (2.2) is the identity of Bc. It is therefore

bijective, proving nondegeneracy. □

In particular, this proves Theorem A from the introduction.
For a 1-shifted coisotropic c : C → G, the canonical identification AC ∼= Bc is an isomorphism of Lie

algebroids. Indeed, its projection to LM is the differential of c, while its projection to LN is

(ρC , σc∗ω) : AC −→ LN ,

which is a Lie algebroid morphism by the IM-form identities [7, Proposition 3.5]. The uniqueness in Part
(1) gives the claim. Thus, when C is source-simply-connected, its infinitesimal data recover both C and the
morphism c : C → G, with the target integration fixed.

Theorem 2.3 therefore justifies Definition 2.2: once the relevant Lie algebroids are integrable, there is no
further obstruction to the coisotropic compatibility condition. We record some special cases.

Example 2.4.

(1) Coisotropic and pre-Poisson submanifolds. Let (M,π) be a Poisson manifold and c : N ↪→ M a
coisotropic submanifold. Equip M with LM = Γπ and N with LN = TN ⊕ 0. Then

(TN)◦
∼=−→ Bc, β 7→

(
(π♯β, 0), (π♯β, β)

)
,

where (TN)◦ ⊂ T ∗M |N is the conormal bundle. The anchor is π♯|(TN)◦ , and the bracket is inherited
from the cotangent Lie algebroid of M .
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Suppose that (M,π) integrates to a symplectic groupoid (G, ω) ⇒ M . Since (TN)◦ is a Lie
subalgebroid of T ∗M , it is integrable. Let C be its source-simply-connected integration. The induced
morphism c : C → G is an immersion, and the compatibility condition of Theorem 2.3 reduces to

c∗ω = 0.

Moreover,
dim C = dimN + rank(TN)◦ = dimM = 1

2 dimG.
Thus, c is a Lagrangian immersion of Lie groupoids, recovering Cattaneo’s integration of coisotropic
submanifolds [12].

More generally, for an arbitrary submanifold N ⊂M with the same Dirac structures, one has

Bc
∼= (TN)◦ ∩ (π♯)−1(TN).

The constant-rank condition is equivalent to the usual pre-Poisson condition that TN + π♯((TN)◦)
have constant rank [19]. Its integration is an isotropic immersion C → G, again equipped with the
trivial 1-shifted Lagrangian structure, recovering [19, Proposition 7.2]. It need not be Lagrangian as
an immersion. These integrations are also the stabilizer subgroupoids used in symplectic reduction
along a submanifold [20].

(2) Infinitesimal 1-shifted Lagrangians and reduction levels. Suppose that LN = Γγ for a 2-form γ ∈
Ω2(N). The twisting condition becomes

dγ = −c∗ϕ,
and the defining bundle is naturally identified with

Bc
∼= {(u, (v, β)) ∈ TN ⊕ c∗LM : c∗u = v, iuγ = c∗β} .

Thus, an infinitesimal 1-shifted Lagrangian consists of such a pair (c, γ) for which this bundle has
constant rank. Whenever the integrations in Theorem 2.3 exist, its compatibility condition becomes

Γt∗γ = Γs∗γ+c∗ω,

or equivalently,
c∗ω = t∗γ − s∗γ.

Together with nondegeneracy, this makes γ a 1-shifted Lagrangian structure on c : C → G.
When c is the inclusion of a submanifold, the second projection identifies Bc with

{(v, β) ∈ LM |N : v ∈ TN, c∗β = ivγ} .
The conditions on (N, γ) are therefore exactly those of a reduction level in [4, Definition 2.1], and
this bundle is its stabilizer Lie algebroid. If LM is integrable, so is this Lie subalgebroid. The
theorem then shows that its source-simply-connected integration satisfies the multiplicative-form
identity required of a stabilizer subgroupoid in [4, Definition 5.1]. Thus, every reduction level in an
integrable twisted Dirac manifold admits such a stabilizer integration.

(3) Strong Dirac maps. Suppose that

c : (N,LN , ψ) −→ (M,LM , ϕ)

is a strong Dirac map, i.e.

c∗LN = LM , ker c∗ ∩ (LN ∩ TN) = 0, ψ = c∗ϕ.

For each (v, β) ∈ (LM )c(x), there is a unique u ∈ TxN such that

c∗u = v, (u, c∗β) ∈ (LN )x.

Consequently, the second projection gives a vector bundle isomorphism

Bc
∼= c∗LM .

Its anchor is the infinitesimal action of LM on N , so Bc is the corresponding action Lie algebroid.
If this action is complete and G is the source-simply-connected integration of LM , it integrates

to an action of G on N . Then C = G ⋉N , and the integrated morphism c : C → G is the projection.
Writing a : G ⋉N → N for the action, the compatibility condition becomes

a∗LN = pr∗N LN + Γpr∗G ω
.
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This recovers the Hamiltonian groupoid action associated with a complete strong Dirac map [6,
Theorem 4.7], and its interpretation as a 1-shifted coisotropic in [34].

Finally, the Lie algebroid appearing in the integration theorem also determines the invariant functions.
Since C is source-connected,

C∞(N)C = {f ∈ C∞(N) : ρBc(b)f = 0 for all b ∈ Γ(Bc)}
= H0

(
Γ(∧•B∗

c ), dBc

)
.

Thus, the same infinitesimal object that determines the integrating groupoid supplies the cochain algebra
on which we will construct the homotopy Poisson structure and its quantization.

3. The Poisson algebra of invariant functions

Let (G, ω)⇒ (M,ϕ) be a quasi-symplectic groupoid and c : C → G a morphism of Lie groupoids equipped
with a 1-shifted coisotropic structure LN . By abuse of language, we often call c itself a 1-shifted coisotropic
structure. The algebra of C-invariant functions on the base N = C0 is

C∞(N)C := {f ∈ C∞(N) : s∗f = t∗f}. (3.1)

By (2.1) it is the zeroth Lie algebroid cohomology of AC when C is source-connected. The goal of this section
is to equip C∞(N)C with a Poisson bracket that depends only on the coisotropic Morita equivalence class
of c. We first define the bracket in general and check the Jacobi identity by hand when the base map is an
inclusion. We then reduce the general case to this one by Morita transport.

3.1. The bracket. We now construct the bracket on C∞(N)C . Let LM be the Dirac structure onM induced
by (G, ω)⇒ (M,ϕ). In this setting, an admissible vector comes paired with a covector on M .

Let
LN ×c LM := {((u, α), (v, β)) ∈ LN × LM : c∗u = v, α = c∗β}.

The nondegeneracy condition says that

AC −→ LN ×c LM , b 7−→
(
(ρCb, c

∗σωc∗b), (ρGc∗b, σωc∗b)
)

is surjective. For f ∈ C∞(N)C , differentiating s∗f = t∗f along AC = ker s∗|N gives df ◦ρC = 0, so surjectivity
forces df(u) = 0 for every ((u, α), (v, β)) ∈ LN ×c LM . In particular df(u) = 0 for all (u, α) ∈ LN ∩ c∗LM , so
pointwise

(0, df) ∈ (LN ∩ c∗LM )⊥ = L⊥
N + (c∗LM )⊥ = LN + c∗LM . (3.2)

Hence there are vf ∈ TN and βf ∈ T ∗M with

(vf , df + c∗βf ) ∈ LN and (c∗vf , βf ) ∈ LM . (3.3)

Such a vector vf is said to be admissible for f . It is unique up to a vector u with (u, γ) ∈ LN ∩ c∗LM for
some γ. We set

{f, g} := df(vg). (3.4)

The value does not depend on the choice: if ṽg is another admissible vector, then vg − ṽg ∈ LN ∩ c∗LM and
(3.2) gives df(vg) = df(ṽg). The bracket is bilinear: if (vg, βg) and (vg′ , βg′) satisfy (3.3) for g and g′, then
(vg + λvg′ , βg + λβg′) satisfies it for g + λg′.

Lemma 3.1. The pair (vf , βf ) can be chosen smooth.

Proof. We use the following fact: if Φ: E → F is a constant-rank bundle map and τ a smooth section of F ,
then Φ−1(τ(N)) is a smooth affine bundle as soon as every fibre is nonempty. Indeed, τ then takes values
in the subbundle imΦ, on which Φ admits smooth local right inverses, and the resulting local solutions glue
by a partition of unity since the fibres are affine. Set E = TN ⊕ c∗T ∗M and

B = {(u, β) ∈ E : (u, c∗β) ∈ LN , (c∗u, β) ∈ LM},
the image of the embedding LN ×c LM ↪→ E, a smooth subbundle. With F =

(
(TN ⊕ T ∗N)/LN

)
⊕

c∗
(
(TM ⊕ T ∗M)/LM

)
, the map Φ: E → F , (u, β) 7−→ ((u, c∗β), (c∗u, β)), has kernel B and hence con-

stant rank. Let τ be the smooth section of F given by τ(n) :=
(
[(0,−dfn)], 0

)
, where [ · ] denotes the class
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modulo LN . For (v, β) ∈ En, the condition (v, dfn + c∗β) ∈ LN says that (v, c∗β) ≡ (0,−dfn) modulo LN ,
and (c∗v, β) ∈ LM says that the second component of Φ(v, β) vanishes; hence

S := Φ−1(τ(N)) = {(v, β) ∈ E : (v, df + c∗β) ∈ LN , (c∗v, β) ∈ LM}.
Its fibres are nonempty by (3.3), so S is a smooth affine bundle. A smooth section of S gives smooth (vf , βf )
with the required properties. □

Lemma 3.2. The bracket {·, ·} is antisymmetric and satisfies the Leibniz rule.

Proof. For antisymmetry, isotropy of LN applied to (vf , df + c∗βf ) and (vg, dg + c∗βg) gives

df(vg) + βf (c∗vg) + dg(vf ) + βg(c∗vf ) = 0,

while isotropy of LM applied to (c∗vf , βf ) and (c∗vg, βg) gives βf (c∗vg) + βg(c∗vf ) = 0. Subtracting yields
df(vg) + dg(vf ) = 0.

For the Leibniz rule, closure of LN under multiplication gives (gvh + hvg, d(gh) + gc∗βh + hc∗βg) ∈ LN ,
so vgh = gvh + hvg + u with (u, γ) ∈ LN ∩ c∗LM , and (3.2) gives {f, gh} = g{f, h}+ h{f, g}. □

The bracket takes values in C∞(N)C . Let γ ∈ C be an arrow from x to y, and let (vg, βg) satisfy (3.3) at
x. Choose ṽ ∈ TγC with s∗ṽ = vg and set w := t∗ṽ. The compatibility t∗LN = s∗LN + Γc∗ω, together with
the compatibility condition of [34, Proposition 3.6] for G applied to c∗ṽ, gives β

′ with (c∗w, β
′) ∈ LM and

(w, dg + c∗β′) ∈ LN . So w is admissible for g at y, and {f, g}(y) = (t∗df)(ṽ) = (s∗df)(ṽ) = {f, g}(x).

Definition 3.3. The algebra C∞(N)C with the bracket {·, ·} is the almost Poisson algebra of the 1-shifted
coisotropic structure.

The Jacobi identity requires control over c : N →M . We first prove it when c is an inclusion. The general
case is reduced to this one in Subsection 3.3.

Lemma 3.4. If c : N → M is an inclusion, then {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0 for all f, g, h ∈
C∞(N)C.

Proof. Write ai = (vi, dfi+ c∗βi), and similarly aj , ak, where fi = f , fj = g, fk = h and the vℓ, βℓ are smooth
by Lemma 3.1. The c∗ϕ-twisted Courant brackets are

Jai, ajKc∗ϕ =
(
[vi, vj ], Lvic∗βj + dιvidfj − ιvjdc∗βi + ιvj ιvic

∗ϕ
)
,

Jaj , akKc∗ϕ =
(
[vj , vk], Lvjc∗βk + dιvjdfk − ιvkdc∗βj + ιvk ιvjc

∗ϕ
)
,

Jak, aiKc∗ϕ =
(
[vk, vi], Lvkc∗βi + dιvkdfi − ιvidc∗βk + ιviιvkc

∗ϕ
)
.

Isotropy of LN gives ⟨Jai, ajKc∗ϕ , ak⟩ = 0 and its cyclic permutations:

0 = dfk[vi, vj ] + c∗ϕ(vi, vj , vk) +
(
c∗βk[vi, vj ] + c∗βj [vk, vi] + c∗βi[vj , vk]

)
+ (Lvidfj)(vk) +

(
vkc

∗βi(vj) + vic
∗βj(vk) + vjc

∗βk(vi)
)
,

0 = dfi[vj , vk] + c∗ϕ(vj , vk, vi) +
(
c∗βi[vj , vk] + c∗βk[vi, vj ] + c∗βj [vk, vi]

)
+ (Lvjdfk)(vi) +

(
vic

∗βj(vk) + vjc
∗βk(vi) + vkc

∗βi(vj)
)
,

0 = dfj [vk, vi] + c∗ϕ(vk, vi, vj) +
(
c∗βj [vk, vi] + c∗βi[vj , vk] + c∗βk[vi, vj ]

)
+ (Lvkdfi)(vj) +

(
vjc

∗βk(vi) + vkc
∗βi(vj) + vic

∗βj(vk)
)
.

Summing,

0 =
(
dfk[vi, vj ] + dfi[vj , vk] + dfj [vk, vi]

)
+ 3c∗ϕ(vi, vj , vk)

+ 3
(
c∗βk[vi, vj ] + c∗βj [vk, vi] + c∗βi[vj , vk]

)
+
(
(Lvidfj)(vk) + (Lvjdfk)(vi) + (Lvkdfi)(vj)

)
+ 3

(
vkc

∗βi(vj) + vic
∗βj(vk) + vjc

∗βk(vi)
)
.
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Using dfk[vi, vj ] + dfi[vj , vk] + dfj [vk, vi] = 2
(
{fi, {fj , fk}} + c.p.

)
and (Lvidfj)(vk) + c.p. = {fi, {fj , fk}} +

c.p., and dividing by 3,

{fi, {fj , fk}}+ c.p.+ c∗ϕ(vi, vj , vk) +
(
c∗βk[vi, vj ] + c∗βj [vk, vi] + c∗βi[vj , vk]

)
+
(
vkc

∗βi(vj) + vic
∗βj(vk) + vjc

∗βk(vi)
)
= 0.

It remains to show that

c∗ϕ(vi, vj , vk) +
(
c∗βk[vi, vj ] + c∗βj [vk, vi] + c∗βi[vj , vk]

)
+
(
vkc

∗βi(vj) + vic
∗βj(vk) + vjc

∗βk(vi)
)
= 0.

This follows from the isotropy of LM , transported to N . Set bℓ = (c∗vℓ, βℓ) ∈ Γ(LM |N ) and extend each to

a smooth section (ṽℓ, β̃ℓ) of LM over a neighbourhood U of N with ṽℓ|N = c∗vℓ and β̃ℓ|N = βℓ. Isotropy of
LM on U gives

ϕ(ṽi, ṽj , ṽk) +
(
β̃k[ṽi, ṽj ] + β̃j [ṽk, ṽi] + β̃i[ṽj , ṽk]

)
+

(
ṽiβ̃j(ṽk) + ṽj β̃k(ṽi) + ṽkβ̃i(ṽj)

)
= 0. (3.5)

By naturality of the Lie bracket [31, Proposition 8.30], [ṽi, ṽj ]|N = c∗[vi, vj ], so β̃k[ṽi, ṽj ]|N = βk(c∗[vi, vj ]),
and likewise cyclically. Restricting (3.5) to N and using c∗vℓ βs(c∗vr) = vℓ c

∗βs(vr) gives the claim. □

Corollary 3.5. If c is an inclusion, (C∞(N)C , {·, ·}) is a Poisson algebra.

Remark 3.6. Set

LN − c∗LM := {(v, α) : ∃β, (v, α+ c∗β) ∈ LN , (c∗v, β) ∈ LM}.
By (3.3), vf is admissible for f if and only if (vf , df) ∈ LN − c∗LM . Hence, whenever LN − c∗LM is smooth,
the bracket (3.4) agrees with the bracket on invariant functions of [34, Corollary 4.8].

3.2. Morita invariance. We now show that the almost Poisson algebra of invariant functions from Defini-
tion 3.3 depends only on the coisotropic Morita equivalence class. This is the algebraic counterpart of [34,
§10]. It will also allow us to extend Lemma 3.4 from inclusions to arbitrary base maps.

Theorem 3.7. Let c1 : (C1 ⇒ N1, LN1
)→ (G1, ω1, ϕ1) and c2 : (C2 ⇒ N2, LN2

)→ (G2, ω2, ϕ2) be coisotropic
Morita equivalent 1-shifted coisotropic structures. Then there is an isomorphism of almost Poisson algebras

Ψ: (C∞(N1)
C1 , {·, ·}1)→ (C∞(N2)

C2 , {·, ·}2).

Let K ⇒ P be the Lie groupoid of (2.3), with Morita morphisms ψ1 : K → C1 and ψ2 : K → C2. Define
Ψ: C∞(N1)

C1 → C∞(N2)
C2 by

Ψ(f)(n2) := f(ψ1(z)), z ∈ ψ−1
2 (n2).

Lemmas 3.8 to 3.12 below show that Ψ is a well-defined isomorphism of almost Poisson algebras; together
they prove Theorem 3.7.

Lemma 3.8. For each f ∈ C∞(N1)
C1 , the function Ψ(f) is well defined, smooth and C2-invariant.

Proof. Since ψ2 is a Morita morphism, ψ2 : P → N2 is a surjective submersion and K is the pullback of C2
along it [34, Definition 5.1]. Hence, for z, z′ ∈ P and η ∈ C2 with s2(η) = ψ2(z) and t2(η) = ψ2(z

′), there is
k ∈ K with

s(k) = z, t(k) = z′, ψ2(k) = η. (3.6)

Let n2 ∈ N2 and z, z′ ∈ ψ−1
2 (n2), which is nonempty. By (3.6) with η = 1n2

there is k ∈ K from z to z′,
and γ := ψ1(k) ∈ C1 satisfies s1(γ) = ψ1(z), t1(γ) = ψ1(z

′). Since s∗1f = t∗1f ,

f(ψ1(z
′)) = f(t1(γ)) = f(s1(γ)) = f(ψ1(z)),

so Ψ(f)(n2) does not depend on z.
For smoothness, let U ⊂ N2 be an open set over which ψ2 admits a smooth section φ : U → P . Then

Ψ(f)|U = f ◦ ψ1 ◦ φ is smooth, and N2 is covered by such open sets.
For C2-invariance, let η ∈ C2 with s2(η) = n2 and t2(η) = n′2, and choose z ∈ ψ−1

2 (n2), z
′ ∈ ψ−1

2 (n′2). By
(3.6) there is k ∈ K from z to z′, and as above f(ψ1(z

′)) = f(ψ1(z)), that is, Ψ(f)(n′2) = Ψ(f)(n2). So
s∗2Ψ(f) = t∗2Ψ(f). □

Lemma 3.9. The map Ψ is a unital algebra homomorphism.

Proof. Immediate from the definition of Ψ and the pointwise algebra structure on C∞(N2)
C2 . □
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Lemma 3.10. The map Ψ is bijective.

Proof. Define Ψ′ : C∞(N2)
C2 → C∞(N1)

C1 by Ψ′(g)(n1) := g(ψ2(z)) for z ∈ ψ−1
1 (n1), well defined by

Lemma 3.8 with the roles of C1 and C2 exchanged. For g ∈ C∞(N2)
C2 and n2 ∈ N2, choose z ∈ ψ−1

2 (n2).
Then

(Ψ ◦Ψ′)(g)(n2) = Ψ′(g)(ψ1(z)) = g(ψ2(z)) = g(n2).

The identity Ψ′ ◦Ψ = id follows by the same computation with C1 and C2 exchanged, so Ψ′ = Ψ−1. □

The bracket is preserved because admissible vectors can be transported through K. This is where the
connecting 2-form and Lemma 2.1 enter.

Lemma 3.11. Let n2 ∈ N2, z ∈ ψ−1
2 (n2), n1 := ψ1(z), and g ∈ C∞(N1)

C1 . If vg ∈ Tn1N1 satisfies condition
(3.3) for g, then for every ũ ∈ TzP with ψ1∗(ũ) = vg, the vector w := ψ2∗(ũ) satisfies (3.3) for Ψ(g).

Proof. Let βg ∈ T ∗
c1(n1)

M1 be given by (3.3):

(vg, dg + c∗1βg) ∈ LN1 , (c1∗vg, βg) ∈ LM1 . (3.7)

Differentiating Ψ(g) ◦ ψ2 = g ◦ ψ1 gives
ψ∗
2 dΨ(g) = ψ∗

1 dg. (3.8)

We construct β′ ∈ T ∗
c2(n2)

M2 with

(w, dΨ(g) + c∗2β
′) ∈ LN2

, (c2∗w, β
′) ∈ LM2

. (3.9)

From (3.7), (ũ, ψ∗
1(dg + c∗1βg)) ∈ ψ∗

1LN1
. By (2.4), (ũ, ψ∗

1(dg + c∗1βg) + ιũδ) ∈ ψ∗
2LN2

, so there is α ∈ T ∗
n2
N2

with
(w,α) ∈ LN2

, ψ∗
2α = ψ∗

1(dg + c∗1βg) + ιũδ. (3.10)

Substituting (3.8) into the second identity of (3.10),

ψ∗
2(α− dΨ(g)) = ψ∗

1(c
∗
1βg) + ιũδ. (3.11)

Recall that δ = −h∗γ + θ∗1ω1 − θ∗2ω2, with

si ◦ θi = ci ◦ ψi, ti ◦ θi = φi ◦ h. (3.12)

Since (c1∗vg, βg) ∈ LM1
and s1∗(θ1∗(ũ)) = c1∗vg, we have (θ1∗(ũ), s

∗
1βg) ∈ s∗1LM1

. By the compatibility
condition of [34, Proposition 3.6] for G1 we have(

θ1∗(ũ), s
∗
1βg + ιθ1∗(ũ)ω1

)
∈ t∗1LM1

, (3.13)

so there is β1 with (t1∗(θ1∗(ũ)), β1) ∈ LM1
and t∗1β1 = s∗1βg + ιθ1∗(ũ)ω1. Since t1∗(θ1∗(ũ)) = φ1∗(h∗(ũ)),

(h∗(ũ), φ
∗
1β1) ∈ φ∗

1LM1 . (3.14)

Lemma 2.1 gives φ∗
1LM1

= φ∗
2LM2

+ Γγ , so (h∗(ũ), φ
∗
1β1 − ιh∗(ũ)γ) ∈ φ∗

2LM2
. Hence there is β2 with

(φ2∗(h∗(ũ)), β2) ∈ LM2
and

φ∗
2β2 = φ∗

1β1 − ιh∗(ũ)γ. (3.15)

By (3.12), φ2∗(h∗(ũ)) = t2∗(θ2∗(ũ)), so (θ2∗(ũ), t
∗
2β2) ∈ t∗2LM2 . For G2, we have (θ2∗(ũ), t

∗
2β2 − ιθ2∗(ũ)ω2) ∈

s∗2LM2
. Since s2∗(θ2∗(ũ)) = c2∗w, there is β′ with (c2∗w, β

′) ∈ LM2
and

s∗2β
′ = t∗2β2 − ιθ2∗(ũ)ω2. (3.16)

It remains to verify ψ∗
2(c

∗
2β

′) = ψ∗
1(c

∗
1βg) + ιũδ. By (3.12), ψ∗

2(c
∗
2β

′) = θ∗2(s
∗
2β

′), and applying (3.16), (3.15),
(3.12) and (3.13) in turn,

θ∗2(s
∗
2β

′) = θ∗2(t
∗
2β2)− ιũ(θ∗2ω2)

= (φ2 ◦ h)∗β2 − ιũ(θ∗2ω2)

= h∗
(
φ∗
1β1 − ιh∗(ũ)γ

)
− ιũ(θ∗2ω2)

= (φ1 ◦ h)∗β1 − ιũ(h∗γ)− ιũ(θ∗2ω2)

= θ∗1(t
∗
1β1)− ιũ(h∗γ)− ιũ(θ∗2ω2)

= θ∗1(s
∗
1βg) + ιũ(θ

∗
1ω1)− ιũ(h∗γ)− ιũ(θ∗2ω2)

= ψ∗
1(c

∗
1βg) + ιũδ.
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Since ψ2 is a submersion, (3.11) gives α = dΨ(g) + c∗2β
′. With (w,α) ∈ LN2 and (c2∗w, β

′) ∈ LM2 , this is
(3.9). □

Lemma 3.12. Ψ({f, g}1) = {Ψ(f),Ψ(g)}2 for all f, g ∈ C∞(N1)
C1 .

Proof. Fix n2 ∈ N2, pick z ∈ ψ−1
2 (n2), and set n1 := ψ1(z). Let vg ∈ Tn1

N1 be admissible for g at n1,
so {f, g}1(n1) = df(vg). Choose ũ ∈ TzP with ψ1∗(ũ) = vg and set w := ψ2∗(ũ). By Lemma 3.11, w
is admissible for Ψ(g) at n2, so {Ψ(f),Ψ(g)}2(n2) = dΨ(f)(w). Differentiating Ψ(f) ◦ ψ2 = f ◦ ψ1 gives
ψ∗
2 dΨ(f) = ψ∗

1 df , hence

{Ψ(f),Ψ(g)}2(n2) = dΨ(f)(w) = ψ∗
1 df(ũ) = df(vg) = {f, g}1(n1).

By Lemma 3.8, Ψ({f, g}1)(n2) = {f, g}1(n1). □

Proof of Theorem 3.7. By Lemma 3.8, Ψ(f) is well defined and smooth; by Lemma 3.9, Ψ is a unital
algebra homomorphism; by Lemma 3.10, it is bijective; by Lemma 3.12, it preserves brackets. □

3.3. Reduction to inclusions and functoriality. We now show that every 1-shifted coisotropic struc-
ture is coisotropic Morita equivalent to one whose base map is an inclusion. Combined with Lemma 3.4
and Theorem 3.7, this gives the Jacobi identity in general.

Let G ⇒M be a Lie groupoid, N a manifold, and prM : N ×M →M the projection. The pullback Lie
groupoid is

pr!M G :=
(
(N ×M)× (N ×M)

)
×s,t,prM G ⇒ N ×M,

with structure maps inherited from G. The projection pr := (pr2, prM ) : pr!M G → G is a morphism, and
when (G, ω, ϕ) is quasi-symplectic, (pr!M G, pr∗ ω,pr∗M ϕ) is Morita equivalent to (G, ω, ϕ) by [51, Proposition
4.8]. For a morphism c : C ⇒ N → G ⇒M , define the lift c̃ : C ⇒ N → pr!M G ⇒ N ×M by

c̃(g) =
(
(s(g), cs(g)), (t(g), ct(g)), c(g)

)
, c̃(n) = (n, c(n)).

Its base map n 7→ (n, c(n)) is an inclusion.

Proposition 3.13. Let c : (C ⇒ N,L)→ (G ⇒M,ω, ϕ) be a 1-shifted coisotropic structure. Then:

(1) c̃ : (C ⇒ N,L)→ (pr!M G ⇒ N ×M,pr∗ ω,pr∗M ϕ) carries a 1-shifted coisotropic structure;
(2) c and c̃ are coisotropic Morita equivalent.

Proof. By [51, Proposition 4.8], (pr∗ ω, pr∗M ϕ) is quasi-symplectic, and pr is a Morita morphism since prM is a

surjective submersion. The span G pr←− pr!M G
id−→ pr!M G with γ = 0 satisfies (2.5), so it is a symplectic Morita

equivalence [34, Lemma 6.3]. Take K = C, ψ1 = ψ2 = id and h = c̃ in (2.3). Since pr ◦c̃ = c, both natural
transformations are identities, and the connecting form (2.4) vanishes because 1∗ω = 0 for a multiplicative
form. [34, Theorem 7.2] gives (1), with the same L, and (2). □

Theorem 3.14. Every 1-shifted coisotropic structure c : C → G induces a Poisson algebra structure on
C∞(N)C, defined by (3.4).

Proof. By Proposition 3.13, c is coisotropic Morita equivalent to c̃, whose base map is an inclusion. The
bracket on C∞(N)C defined by c̃ satisfies the Jacobi identity by Lemma 3.4, and Theorem 3.7 transports it
to C∞(N)C . □

Corollary 3.15 (Morita invariance). If c1 : C1 → G1 and c2 : C2 → G2 are coisotropic Morita equivalent, then
C∞(N1)

C1 and C∞(N2)
C2 are isomorphic as Poisson algebras.

Together with Theorem 3.14, this proves Theorem B from the introduction.
The construction is functorial with respect to coisotropic Morita equivalences, composed by homotopy

fibre product as in [34, §8.3]. On objects, we write

T (C, c, L) := (C∞(N)C , {·, ·}).
For a Morita equivalence K ⇒ P with Morita morphisms ψi : K → Ci, let T (K) be the Poisson algebra

isomorphism Ψ(f)(n2) = f(ψ1(z)) of Theorem 3.7. The identity equivalence C id←− C id−→ C gives the identity.
For composable equivalences K12 and K23 with composite K13 := K12 ×hC2

K23, write Ψij := T (Kij). For

16



f ∈ C∞(N1)
C1 and n3 ∈ N3, choose z23 ∈ (ψ

(23)
2 )−1(n3), set n2 := ψ

(23)
1 (z23), and choose z12 ∈ (ψ

(12)
2 )−1(n2).

Since (z12, 1n2 , z23) is an object of K13 lying in (ψ
(13)
2 )−1(n3),

Ψ13(f)(n3) = f
(
ψ
(13)
1 (z12, 1n2

, z23)
)
= f

(
ψ
(12)
1 (z12)

)
= Ψ12(f)(n2) = (Ψ23 ◦Ψ12)(f)(n3).

Hence
T (K23 ◦ K12) = T (K23) ◦T (K12).

Remark 3.16. This compatibility can be formalized as a functor between categories by extending the partial
category of coisotropic Morita equivalences to a genuine category using the Wehrheim–Woodward trick [49].
We do not pursue these details here. For comparison, see [21, §§3.2–3.3], where this construction is carried
out for 1-shifted Lagrangian correspondences.

3.4. Examples. The Poisson algebra of Theorem 3.14 recovers the following familiar constructions.

Example 3.17.

(1) Coisotropic reduction. Let (M,π) be a Poisson manifold and N ⊂M a coisotropic submanifold, with
characteristic foliation F = π(TN◦). For the 1-shifted coisotropic of Example 2.4(1), the invariant
algebra is C∞(N)F , with bracket

{f, g} = {F,G}M |N ,
where F,G extend f, g and their Hamiltonian vector fields are tangent to N . Indeed, (vg, βg) =
(−π(dG)|N ,−dG|N ) is admissible in (3.3). This recovers the usual coisotropic reduced bracket.

(2) Hamiltonian reduction. A 1-shifted coisotropic on the trivial quasi-symplectic groupoid {∗}⇒ {∗} is
equivalent to a Lie groupoid C ⇒ N with an untwisted Dirac structure LN satisfying s∗LN = t∗LN
and for which ρC : AC → kerLN is bijective; see [34, Proposition 3.11]. If the orbit space N/C
is smooth and the quotient map is a submersion, then LN is the pullback of a Poisson structure
on N/C [34, Corollary 5.11]. More generally, without requiring the quotient to be smooth, §3.1
constructs a Poisson bracket on C∞(N)C . Explicitly, {f, g} = df(vg), where vg is any vector field
satisfying (vg, dg) ∈ LN .

In particular, the fibre product of two 1-shifted coisotropics C1 → G ← C2 is a 1-shifted coisotropic
over a point (under suitable regularity hypotheses) and hence induces a Poisson algebra as above;
see [34, §4]. Under these hypotheses, this principle recovers symplectic reduction [33, 37] and quasi-
hamiltonian reduction [1], as explained in [9, 10, 43, 11, 3], as well as symplectic reduction along a
submanifold [20, §6] and reduction of strong Dirac maps [4, §5].

4. Homotopy Poisson structures on 1-shifted coisotropics

The goal of this section is to construct the flat P∞-structure associated with a regular infinitesimal
1-shifted coisotropic, as stated in Theorem C. We begin with a pre-Poisson submanifold N of a Poisson
manifold (M,π).2 The derived-bracket construction of Cattaneo and Felder does not apply when N is not
coisotropic. We instead embed N coisotropically in a Poisson transversal and transport their structure. We
then reduce the general case to this construction through local Poisson models, prove independence of the
auxiliary choices, and compare the resulting bracket in degree zero with the Poisson algebra of §3.

4.1. Preliminaries on L∞-algebras, P∞-algebras and Maurer–Cartan elements. We recall the def-
initions and basic properties used below, fixing our sign conventions and following [30, 45, 47, 46].

An L∞-algebra is a graded vector space a =
⊕

j a
j over a field k of characteristic zero, together with

multilinear maps ℓk : a
⊗k → a of degree 2− k for k ≥ 0 (with a⊗0 := k), which are graded skew-symmetric,

ℓk(aσ(1), . . . , aσ(k)) = χ(σ; a) ℓk(a1, . . . , ak), σ ∈ Sk, (4.1)

and satisfy, for every k ≥ 0 and all homogeneous a1, . . . , ak ∈ a,

k∑
i=0

∑
σ∈Sh(i,k−i)

(−1)i(k−i) χ(σ; a) ℓk−i+1

(
ℓi(aσ(1), . . . , aσ(i)), aσ(i+1), . . . , aσ(k)

)
= 0. (4.2)

2By abuse of notation, we use the same letter π for the anchor π♯ : T ∗M → TM .
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Here Sh(i, k − i) is the set of permutations σ of {1, . . . , k} with σ(1) < · · · < σ(i) and σ(i + 1) <
· · · < σ(k), and χ(σ; a) = sgn(σ) ε(σ; a) combines the signature of σ with the Koszul sign ε(σ; a) =

(−1)
∑

p<q, σ(p)>σ(q) |aσ(p)| |aσ(q)|.
The element ℓ0 ∈ a2 is the curvature. For k = 0, (4.2) reads ℓ1(ℓ0) = 0; for k = 1 it reads ℓ21 = −ℓ2(ℓ0, ·).

We call a flat if ℓ0 = 0; in that case ℓ1 is a differential.

Our main source of examples is Voronov’s higher derived bracket construction [47, 46]. A curved V -
datum is a quadruple (g, a, P,Π): a graded Lie algebra g, an abelian graded subalgebra a ⊂ g, a projection
P : g → a whose kernel h := kerP is a subalgebra, and an element Π ∈ g1 with [Π,Π] = 0. The derived
brackets

{a1, . . . , ak} := P
[
· · · [[Π, a1], a2], . . . , ak

]
(k ≥ 1), {∅} := P (Π),

are graded symmetric of degree 1 with respect to the grading of g. They satisfy the curved L∞[1]-relations:
for every k ≥ 0, ∑

i+j=k

∑
σ∈Sh(i,j)

ε(σ; a) {{aσ(1), . . . , aσ(i)}, aσ(i+1), . . . , aσ(k)} = 0,

where ε(σ; a) is the Koszul sign for the grading deg. The proof uses [Π,Π] = 0, [a, a] = 0, the Jacobi identity
in g, and the fact that h is a subalgebra. To pass to the conventions above, regrade a by |a| := deg(a) + 1
and set

ℓk(a1, . . . , ak) := deck(a) {a1, . . . , ak}, deck(a) := (−1)
∑k

i=1(k−i)|ai|, ℓ0 := P (Π). (4.3)

The sign deck(a) is the Koszul sign of (s−1)⊗k for the desuspension s−1 of degree −1, and it intertwines
the Koszul-symmetric relations above with (4.1)–(4.2): deck(aσ)χ(σ; a) = deck(a) ε(σ; a) for every σ ∈ Sk.
Then ℓk has degree 2−k and satisfies (4.1) and (4.2), and (a, {ℓk}) is flat exactly when P (Π) = 0, for instance
when Π ∈ h [16, §2.6].3

An L∞-morphism ϱ : (a, ℓk)⇝ (a′, ℓ′k) between flat L∞-algebras is a collection of graded skew-symmetric
maps ϱk : a

⊗k → a′ of degree 1− k, k ≥ 1, satisfying, for every k ≥ 1,∑
i+j=k+1
i,j≥1

∑
σ∈Sh(i,k−i)

(−1)i(j−1) χ(σ; a) ϱj

(
ℓi(aσ(1), . . . , aσ(i)), aσ(i+1), . . . , aσ(k)

)

=

k∑
r=1

1

r!

∑
k1+···+kr=k

ks≥1

∑
σ∈Sh(k1,...,kr)

χ′(σ; a) ℓ′r

(
ϱk1(aσ(1), . . . , aσ(k1)), . . . , ϱkr (aσ(k−kr+1), . . . , aσ(k))

)
,

(4.4)

where, for Ks := k1 + · · ·+ ks,

χ′(σ; a) := χ(σ; a) (−1)
∑r

s=1(r−s)(ks−1) (−1)
∑r

s=1(ks−1)
(
|aσ(1)|+···+|aσ(Ks−1)|

)
.

The last factor is the Koszul sign of moving ϱks , of degree 1− ks, past the arguments preceding its block; the
middle factor depends only on the arities. For k = 1 this gives ϱ1ℓ1 = ℓ′1ϱ1. We call ϱ a quasi-isomorphism
if ϱ1 induces an isomorphism on cohomology, and an isomorphism if ϱ1 is bijective. It is strict if ϱk = 0
for every k ≥ 2; since deg ϱ1 = 0, (4.4) then reduces to ϱ1(ℓk(a1, . . . , ak)) = ℓ′k(ϱ1(a1), . . . , ϱ1(ak)) for k ≥ 1.
Between differential graded Lie algebras, a strict L∞-morphism is a morphism of DGLAs.

We write L∞-morphisms as ϱ : (a, ℓ)⇝ (a′, ℓ′), and identify a strict L∞-morphism with its linear compo-
nent ϱ1. Decorated letters ϱ, ϑ denote L∞- or A∞-morphisms, and U denotes the formality morphisms of
Section 5.

A P∞-algebra [16] (or homotopy Poisson algebra [35, Definition 2.1]) is a graded commutative associative
k-algebra a with an L∞-structure {ℓk}k≥0 whose brackets are multiderivations: for every k ≥ 1 and all
homogeneous a1, . . . , ak−1 ∈ a, the map a 7→ ℓk(a1, . . . , ak−1, a) is a graded derivation of degree 2 − k +∑k−1
s=1 |as|. For k = 1 this says that ℓ1 is a derivation of degree 1. If a is flat, ℓ1 is a differential, the case

k = 2 of (4.2) says that ℓ1 is a derivation of the bracket ℓ2, and the case k = 3 says that ℓ2 satisfies the

3The sign (−1)
∑

i(i−1) deg(ai) displayed in [16, §2.6] does not satisfy (4.2) for k = 2. This does not affect [16]: the structure

of Proposition 2.1 there is obtained through Proposition 4.4, and the décalage of Appendix A.6 is the Koszul sign of s⊗k, which
differs from deck by (−1)k(k−1)/2.
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graded Jacobi identity up to the ℓ1-homotopy ℓ3. Hence the product and ℓ2 descend to ℓ1-cohomology, which
is therefore a graded Poisson algebra.

We often transport P∞-structures along algebra isomorphisms.

Lemma 4.1. Let Φ: a→ b be an isomorphism of degree 0 between graded commutative associative algebras,
and let {ℓbk}k≥0 be a P∞-structure on b. Define ℓak := Φ−1 ◦ ℓbk ◦ Φ⊗k for k ≥ 1, and ℓa0 := Φ−1(ℓb0). Then:

(1) {ℓak}k≥0 is a P∞-structure on a, flat if and only if {ℓbk}k≥0 is, and Φ is a strict isomorphism of
L∞-algebras.

(2) If moreover da : a→ a is a linear map of degree 1 with Φ ◦ da = ℓb1 ◦ Φ, then ℓa1 = da.

(3) Let Φ′ : a′ → b′ be another such isomorphism, {ℓb′

k } a P∞-structure on b′ with transport {ℓa′

k }, and
ϱ : (b, ℓb)⇝ (b′, ℓb

′
) an L∞-morphism. Then Φ′−1 ◦ ϱk ◦ Φ⊗k, k ≥ 1, is an L∞-morphism (a, ℓa)⇝

(a′, ℓa
′
), which is an isomorphism if and only if ϱ is

Proof. Since Φ is an algebra isomorphism of degree 0, it preserves Koszul signs and multiderivation properties.
Conjugation by Φ therefore carries the relations (4.2) for {ℓbk} termwise into the same relations for {ℓak}. Part
(2) is immediate from the definition of ℓa1. For (3), the signs χ and χ′ in (4.4) depend only on degrees, which
Φ and Φ′ preserve, so conjugation carries (4.4) for ϱ termwise into the same relation for the transported
maps. □

Remark 4.2. Let t ∈ k×. If {ℓk}k≥0 is a P∞-structure on a, then so is {tk−1ℓk}k≥0: in (4.2), the term

ℓk−i+1 ◦ ℓi acquires the factor t(k−i)+(i−1) = tk−1, independent of i, and multiderivations and flatness are
preserved. Likewise, if ϱ is an L∞-morphism, then {tk−1ϱk}k≥1 is an L∞-morphism between the rescaled
structures, since both sides of (4.4) acquire the factor tk−1; it is an isomorphism, respectively strict, if and
only if ϱ is. The rescaling fixes ℓ1 and multiplies ℓ2 by t.

For t = −1 it has the following description. The parity automorphism D(a) := (−1)|a|a of a satisfies
D−1 ◦ ℓk ◦ D⊗k = (−1)kℓk, because ℓk has degree 2 − k. If ℓk = ℓΠk is obtained from a curved V -datum

(g, a, P,Π) by (4.3), then ℓ−Π
k = −ℓΠk , hence

(−1)k−1ℓΠk = D−1 ◦ ℓ−Π
k ◦D⊗k (k ≥ 0).

Thus the rescaled structure is the derived-bracket structure of −Π, conjugated by D.

Let a be a differential graded Lie algebra over k. A filtration on a is a decreasing sequence of graded
subspaces a = Fk0a ⊃ Fk0+1a ⊃ · · · , indexed by integers k ≥ k0 with k0 ≤ 1 and the convention Fka = a
for k ≤ k0, such that d(Fka) ⊂ Fka and [Fka,F la] ⊂ Fk+la. It is complete if the canonical map a →
lim←−k a/F

ka is an isomorphism.

If a is complete and X ∈ F1a0, then adX(Fka) ⊂ Fk+1a, so exp(adX) and exp(adX)−1
adX

:=
∑
k≥0

1
(k+1)! ad

k
X

converge on a. The Maurer–Cartan equation is

dϖ + 1
2 [ϖ,ϖ] = 0, ϖ ∈ F1a1, (4.5)

and MC(a) denotes its solution set in F1a1. For X ∈ F1a0 the gauge action is

X ·ϖ := exp(adX)ϖ − exp(adX)− 1

adX
(dX). (4.6)

It preserves MC(a), and the Baker–Campbell–Hausdorff product (X,Y ) 7→ X •Y makes F1a0 a group acting
on MC(a). Two Maurer–Cartan elements in the same orbit are gauge equivalent ; see [25, 5, 52].

Remark 4.3. If d = 0, then dX = 0, the second term of (4.6) vanishes, and

X ·ϖ = eadXϖ. (4.7)

This applies to the graded Lie algebra of multivector fields used in Section 5.

An L∞-morphism ϱ = (ϱ1, ϱ2, . . . ) : g ⇝ g′ between complete filtered differential graded Lie algebras is
filtered if

ϱn
(
Fk1g, . . . ,Fkng

)
⊂ Fk1+···+kng′ (n ≥ 1). (4.8)

For α ∈ F1g1 we set

ϱ∗(α) :=
∑
n≥1

1

n!
ϱn(α, . . . , α). (4.9)
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The n-th term lies in Fng′, so the series converges.
Following [28, Definition 3.3], two filtered L∞-morphisms ϱ, ϱ′ : g⇝ g′ are homotopic if they are homo-

topy equivalent Maurer–Cartan elements of the convolution L∞-algebra, filtered as in [28, Eq.(22)]. We use
the next lemma to transport gauge equivalences along formality morphisms in Subsection 5.3.

Lemma 4.4. Let ϱ : g ⇝ g′ be a filtered L∞-morphism between complete filtered differential graded Lie
algebras. Then:

(1) ϱ∗ maps MC(g) to MC(g′);
(2) ϱ∗ maps gauge equivalent elements to gauge equivalent elements;
(3) if ϱ and ϱ′ are homotopic filtered L∞-morphisms, then ϱ∗ and ϱ′∗ induce the same map on gauge

equivalence classes.

Proof. (1) is [28, Lemma 2.7(iii)], which goes back to Dolgushev. (2) is [28, Proposition 2.15], stated there for
the homotopy relation; for differential graded Lie algebras with complete filtrations the homotopy relation
and the gauge relation coincide [28, Theorem 2.12]. (3) is [28, Proposition 3.5(iii)], whose proof is given in
[8]. □

4.2. The Cattaneo–Felder construction. Let N be a submanifold of a Poisson manifold (M,π). Let g
be the graded Lie algebra of multivector fields on the formal neighbourhood of N ,

g = lim←−
n

C∞(∧•TM)
/
I nN C

∞(∧•TM),

where IN is the ideal of functions vanishing on N . In coordinates (x1, . . . , xm, y1, . . . , yn) in which N is the
locus y1 = · · · = yn = 0, the algebra g is generated by C∞(x1, . . . , xm)Jy1, . . . , ynK, by the ∂

∂xi
and by the

∂
∂yi

. The class of π is a Maurer–Cartan element of g.

Suppose first that N is coisotropic and let νN := TM |N/TN be its normal bundle. Then ν∗N is a Lie
algebroid over N , and

bN = C∞(∧•νN )

is an abelian graded Lie algebra with a surjection P : g → bN , restriction to N followed by the projection
TM |N → νN . A tubular neighbourhood of N in M gives an inclusion j : bN ↪→ g for which P is a projection
onto bN . Explicitly, a tubular neighbourhood identifies a neighbourhood of N in M with a vector bundle
prE : E → N . Since TE|N = TN ⊕ ker d prE , we may identify νN with ker d prE |N ⊂ TM |N , and the
inclusion νN ↪→ TM |N extends to bN ↪→ g. In coordinates, the image of bN is generated by C∞(x1, . . . , xm)
and the ∂

∂yi
, an abelian Lie subalgebra of g. One checks that

P [a, b] = P [Pa, b] + P [a, Pb] (4.10)

for all a, b ∈ g. Since bN is abelian and P is a projection, (4.10) says that kerP is closed under the Schouten
bracket, so (g, bN , P, π) is a curved V -datum in the sense of Subsection 4.1. Voronov’s construction then
makes bN a P∞-algebra, flat because P (π) = 0 by coisotropy. Up to the sign conventions of Subsection 4.1,
this is the Cattaneo–Felder P∞-structure [16, Proposition 2.1].

4.3. Reduction to the coisotropic case. Recall that N is pre-Poisson if TN + π(TN◦) has constant
rank [19]. Let N be pre-Poisson. Then L := π−1(TN) ∩ TN◦ is a Lie subalgebroid of T ∗M for the Lie
algebroid structure induced by π, and the natural candidate for the P∞-algebra is a := C∞(∧•L∗). Since
π−1(TN)◦ = π(TN◦), the sequence

0→ L→ T ∗M |N →
(
TN + π(TN◦)

)∗ → 0 (4.11)

is exact; the bundle TN + π(TN◦) is smooth because N is pre-Poisson.
The two ingredients of Subsection 4.2 still exist in this setting. Dualizing (4.11) gives a surjection TM |N →

L∗ with kernel TN + π(TN◦), which extends to a projection P : g → a, and a tubular neighbourhood of
N in M gives an inclusion j : a ↪→ g as an abelian subalgebra with P ◦ j = id. However, P satisfies (4.10),
equivalently kerP is a Lie subalgebra of g, if and only if N is coisotropic. When N is not coisotropic,
(g, a, P, π) is therefore not a curved V -datum, and the P∞-structure on a cannot be obtained by derived
brackets inside M . We proceed differently and change the ambient manifold instead of the algebra: we
replace M by a smaller Poisson manifold S ⊃ N in which N is coisotropic, and import the flat structure
that Subsection 4.2 provides there.
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Cattaneo and Zambon [19, Theorem 3.3] proved that every pre-Poisson submanifold N ⊂ (M,π) sits
coisotropically inside a Poisson transversal (cosymplectic) submanifold S ⊂M , unique up to neighbour-
hood equivalence: given two such S and S′, after shrinking both to tubular neighbourhoods of N , there is a
Poisson diffeomorphism φ : S → S′ restricting to the identity on N [19, Theorem 4.3].

Set νS := TS|N/TN and bS := C∞(∧•νS). By [19, Proposition 3.6], restriction of covectors

rS : L→ ν∗S , rS(ξ) = ξ|TS|N , (4.12)

is an isomorphism of Lie algebroids onto the conormal bundle ν∗S of N in S, inverse to the extension
isomorphism constructed there. Dualizing gives an isomorphism of graded algebras

ΦS := ∧•(r∗S)−1 : a = C∞(∧•L∗)→ bS . (4.13)

Since S is a Poisson transversal, it carries a canonical Poisson structure in which N is coisotropic. The
construction of Subsection 4.2 with S in place of M yields the graded Lie algebra

gS = lim←−
n

C∞(∧•TS)
/
I nN C

∞(∧•TS),

with Maurer–Cartan element πS ∈ gS the class of the Poisson bivector of S. A tubular neighbourhood ψ of
N in S determines an inclusion jS : bS ↪→ gS and a projection PS : gS → bS ,

PS(X) := (∧• prS)(X|N ),

where prS : TS|N → νS is the projection. The Cattaneo–Felder construction applied to N ⊂ S makes bS a

flat P∞-algebra with ℓbS
1 the Chevalley–Eilenberg differential of ν∗S . Its brackets are the derived brackets in

the conventions of Subsection 4.1, rescaled as in Remark 4.2 with t = −1: for homogeneous b1, . . . , bk ∈ bS ,

with |bi| the exterior degree, set ε(b) := (−1)k−1 deck(b) = (−1)k−1+
∑k

i=1(k−i)|bi|, with deck as in (4.3); then

ℓbS

k (b1, . . . , bk) = ε(b)PS
[
· · · [πS , jS(b1)], . . . , jS(bk)

]
, ℓbS

0 = −PS(πS) = 0. (4.14)

The vanishing of ℓbS
0 is the coisotropy of N in S. The factor (−1)k−1 leaves ℓbS

1 unchanged and reverses the

sign of ℓbS
2 ; it is chosen so that ℓ2 induces the reduced Poisson bracket, see (4.16). It remains to transport

this structure to a along ΦS .

Proposition 4.5. Let S ⊂ M be a Poisson transversal with N coisotropic in S, and let ψ be a tubular

neighbourhood of N in S. Then a carries a flat P∞-structure {ℓa,S,ψk }k≥0 with ℓa,S,ψ1 = dL.

Proof. By Lemma 4.1 applied to ΦS , the maps ℓa,S,ψk := Φ−1
S ◦ ℓ

bS

k ◦Φ
⊗k
S form a flat P∞-structure on a. Since

ℓbS
1 is the algebroid differential of ν∗S and rS is an isomorphism of Lie algebroids, ΦS ◦ dL = ℓbS

1 ◦ ΦS , so
Lemma 4.1(2) gives ℓa,S,ψ1 = dL. □

4.4. Independence of the choices. The structure of Proposition 4.5 depends on the Poisson transversal
S and on the tubular neighbourhood ψ. We show that its L∞-isomorphism class does not. There are two
comparisons. Two transversals are compared through the Poisson diffeomorphism of [19, Theorem 4.3] and
a tubular neighbourhood of N in S′ adapted to ψ; this comparison is strict (Lemma 4.7). Two tubular
neighbourhoods inside a fixed S are compared through [17, Theorem 3.2]; this comparison need not be strict
(Lemma 4.8). Theorem 4.9 composes the two.

The first comparison is a special case of a naturality statement that we will reuse in Subsection 4.7, so
we state it in that generality.

Lemma 4.6 (Naturality). Let Θ: (M,π)→ (M ′, π′) be a Poisson diffeomorphism between neighbourhoods
of pre-Poisson submanifolds N ⊂ M and N ′ ⊂ M ′, with Θ(N) = N ′. Let S ⊂ M be a Poisson transversal
containing N coisotropically, ψ a tubular neighbourhood of N in S, and set S′ := Θ(S), Λ := ν(Θ|S) : νS →
νS′ and ψ′ := Θ ◦ ψ ◦ Λ−1. Let ΘL : L → L′ be the restriction of the cotangent lift (dΘ−1)∗ and Θ̂ :=
∧•(Θ∗

L)
−1 : a → a′. Then S′ is a Poisson transversal containing N ′ coisotropically, ψ′ is a tubular neigh-

bourhood of N ′ in S′, and Θ̂ is a strict isomorphism of L∞-algebras from (a, {ℓa,S,ψk }) to (a′, {ℓa
′,S′,ψ′

k }).

Proof. Since Θ is Poisson and Θ(N) = N ′, the image S′ is a Poisson transversal in which N ′ is coisotropic,
and φ := Θ|S : S → S′ is a Poisson diffeomorphism with φ(N) = N ′. Set

θ := ∧•Λ: bS → bS′ , Υ := ∧•φ∗ : gS → gS′ .
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Pushforward of multivector fields commutes with the Schouten bracket, and φ(N) = N ′, so Υ is a morphism
of graded Lie algebras with Υ(πS) = πS′ . From the definitions of PS and jS , and ψ′ ◦ Λ = φ ◦ ψ, we get
PS′ ◦ Υ = θ ◦ PS and Υ ◦ jS = jS′ ◦ θ. Since θ preserves degrees, ε(θb) = ε(b), and (4.14) gives, for every
k ≥ 1,

θ
(
ℓbS

k (b1, . . . , bk)
)
= ε(b)PS′

(
Υ
[
· · · [[πS , jS(b1)], jS(b2)], . . . , jS(bk)

])
= ε(b)PS′

[
· · · [[πS′ , jS′(θb1)], jS′(θb2)], . . . , jS′(θbk)

]
= ℓ

bS′
k (θb1, . . . , θbk),

while ℓbS
0 = 0 = ℓ

bS′
0 . As θ is an isomorphism of graded algebras of degree 0, it is a strict L∞-isomorphism.

Restriction of covectors commutes with dΘ, so rS′ ◦ΘL = (Λ−1)∗ ◦ rS , hence θ ◦ΦS = ΦS′ ◦ Θ̂. Combining

this with ΦS ◦ ℓa,S,ψk = ℓbS

k ◦ Φ
⊗k
S and the strictness of θ,

Θ̂ ◦ ℓa,S,ψk = Φ−1
S′ θ ℓ

bS

k Φ⊗k
S = Φ−1

S′ ℓ
bS′
k θ⊗kΦ⊗k

S = Φ−1
S′ ℓ

bS′
k Φ⊗k

S′ Θ̂
⊗k = ℓa

′,S′,ψ′

k ◦ Θ̂⊗k

for every k ≥ 1, and Θ̂(ℓa,S,ψ0 ) = 0 = ℓa
′,S′,ψ′

0 by flatness. Being a composite of algebra isomorphisms, Θ̂ is
bijective, so it is a strict L∞-isomorphism. □

Lemma 4.7. Let S, S′ ⊂ M be Poisson transversal submanifolds containing N coisotropically, and fix a
tubular neighbourhood ψ of N in S. Then there are a tubular neighbourhood ψ′ of N in S′ and a strict

isomorphism of L∞-algebras Ψ: (a, {ℓa,S,ψk })→ (a, {ℓa,S
′,ψ′

k }).

Proof. By [19, Theorem 4.3] there is a Poisson diffeomorphism φ : S → S′ with φ|N = idN , defined after
shrinking S and S′ to smaller tubular neighbourhoods of N . Since gS , πS and bS depend only on the germ
of S along N , and likewise for S′, we may regard φ as defined on all of S. Let Λ: νS → νS′ be induced by φ,
ψ′ := φ ◦ψ ◦Λ−1 and θ := ∧•Λ: bS → bS′ . The first part of the proof of Lemma 4.6 applies verbatim with φ
in place of Θ|S : it uses only that φ is a Poisson diffeomorphism with φ(N) = N and ψ′ ◦Λ = φ◦ψ, and shows

that θ is a strict isomorphism (bS , {ℓbS ,ψ
k })→ (bS′ , {ℓbS′ ,ψ′

k }). Conjugating by the algebra isomorphisms ΦS
and ΦS′ of (4.13), the map Ψ := Φ−1

S′ ◦ θ ◦ ΦS is a strict isomorphism of L∞-algebras from (a, {ℓa,S,ψk }) to

(a, {ℓa,S
′,ψ′

k }). □

Lemma 4.8. Let S ⊂ M be a Poisson transversal containing N coisotropically, and let ψ,ψ′ be tubular

neighbourhoods of N in S. Then (a, {ℓa,S,ψk }) and (a, {ℓa,S,ψ
′

k }) are L∞-isomorphic.

Proof. By [17, Theorem 4.3], whose proof checks the hypotheses of [17, Theorem 3.2] for an isotopy between

ψ and ψ′, there is an L∞-isomorphism ϱ = {ϱk}k≥1 from (bS , {ℓbS ,ψ
k }) to (bS , {ℓbS ,ψ

′

k }) with ϱ1 bijective.

The structures compared in loc. cit. are the graded-symmetric higher derived brackets {· · · }ψ and {· · · }ψ′
of

Voronov, that is, the brackets PS [· · · [πS , jS(·)], . . . , jS(·)] of (4.14) before the sign ε(b) is applied [17, Remark
4.1], and ϱ is an L∞[1]-isomorphism between them. Applying deck of (4.3) to its components converts it
to a morphism for (4.4), because dec carries the symmetric morphism relations to (4.4) with the sign χ′

specified there, and the rescaling of Remark 4.2 with t = −1 then gives a morphism between the structures
(4.14); this conversion is independent of the desuspension convention used in loc. cit., as only the symmetric
structures enter. We transport ϱ to a.

By Lemma 4.1(3) with Φ = Φ′ = ΦS , the maps Φ−1
S ◦ ϱk ◦Φ

⊗k
S form an L∞-isomorphism from (a, {ℓa,S,ψk })

to (a, {ℓa,S,ψ
′

k }). □

Theorem 4.9. The P∞-structure on a is independent, up to L∞-isomorphism, of the choice of Poisson
transversal submanifold S ⊂M containing N coisotropically and of the tubular neighbourhood ψ of N in S.

Proof. Let S, S′ ⊂M be Poisson transversals containing N coisotropically, with tubular neighbourhoods ψ
of N in S and ψ′′ of N in S′. Let ψ′ be the tubular neighbourhood of N in S′ adapted to ψ as in Lemma 4.7,

and let Ψ be the resulting strict isomorphism from {ℓa,S,ψk } to {ℓa,S
′,ψ′

k }. It is bijective of degree 0 and
satisfies

Ψ ◦ ℓa,S,ψk = ℓa,S
′,ψ′

k ◦Ψ⊗k for every k ≥ 0. (4.15)
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By Lemma 4.8 applied to ψ′ and ψ′′ inside S′, there is an L∞-isomorphism ϱ̃ = {ϱ̃k}k≥1 from {ℓa,S
′,ψ′

k } to
{ℓa,S

′,ψ′′

k } with ϱ̃1 bijective. By (4.15), {ℓa,S,ψk } is the transport of {ℓa,S
′,ψ′

k } along Ψ. Hence Lemma 4.1(3),

with Φ = Ψ and Φ′ = id, shows that the maps ϱ̃k ◦ Ψ⊗k form an L∞-isomorphism from (a, {ℓa,S,ψk }) to

(a, {ℓa,S
′,ψ′′

k }). □

4.5. Relation to symplectic reduction along a submanifold. Crooks and Mayrand [20, Proposition
2.23] attach a Poisson algebra to a pre-Poisson submanifold: the functions on the quotient of N by a stabilizer
subgroupoid. We show that this algebra is H0(a, ℓ1) with the bracket induced by ℓ2. Both constructions
pass through a Poisson transversal containing N coisotropically, so we may compute the two brackets inside
the submanifold S used to define the P∞-structure; the comparison is then pointwise.

A stabilizer subgroupoid of N is an isotropic Lie subgroupoid H ⇒ N with Lie algebroid L, inside
a symplectic groupoid integrating (M,π) [20, Definition 2.8]. We assume throughout that H is source-
connected. Its orbits are then the connected integral leaves of ρL(L). When N/H is a manifold, q : N →
N/H denotes the quotient map. Fix a Poisson transversal S containing N coisotropically and a tubular

neighbourhood with projection p : U → N . Write ℓk := ℓa,S,ψk and r := rS for the isomorphism (4.12). We
write {·, ·} for the bracket of S and {·, ·}M for that of M . For f ∈ C∞(S) and F ∈ C∞(M) we write
XS
f := πS(df) andX

M
F := π(dF ) for the Hamiltonian vector fields. Given f ∈ C∞(N), a function F ∈ C∞(V )

on an open neighbourhood V of N inM is an admissible extension of f if F |N = f and dF
(
π(TN◦)

)
= 0

along N .
By Proposition 4.5 the algebra a is flat and ℓ1 = dL. On a0 = C∞(N) we have (dLf)(ξ) = LρL(ξ)f , so

H0(a, ℓ1) =
{
f ∈ C∞(N) : df

(
ρL(L)

)
= 0

}
.

By [20, §2.5], ρL(L) = TN ∩ π(TN◦) is the distribution tangent to the orbits of H, so H0(a, ℓ1) = C∞(N)H.
Since a is flat, ℓ2 descends to H•(a, ℓ1) and makes

(
C∞(N)H, ℓ2

)
a Poisson algebra.

Since ΦS is the identity in degree zero, (4.14) gives

ℓ2(f, g) = {p∗f, p∗g}|N , f, g ∈ C∞(N). (4.16)

Indeed ε(f, g) = −1 and [πS , p
∗f ] = −πS(d p∗f) in the convention [X,h] = X(h) for the Schouten bracket,

with π(α) := π(α, ·) and {h, h′} := π(dh, dh′), so ℓ2(f, g) = −([πS , p∗f ])(p∗g)|N = {p∗f, p∗g}|N .

Proposition 4.10. (1) For all f, g ∈ H0(a, ℓ1) and all admissible extensions F,G of f and g respectively,
ℓ2(f, g) = {F,G}M |N .

(2) If N/H is a manifold and q is a submersion, then

q∗ :
(
C∞(N/H), {·, ·}N/H

)
→

(
H0(a, ℓ1), ℓ2

)
is an isomorphism of Poisson algebras.

Proof. The function {F,G}M |N does not depend on the admissible extensions (cf. the proof of [20, Proposi-
tion 2.23]). Indeed, if F |N = 0 and dF (π(TN◦)) = 0 along N , then dF ∈ TN◦ ∩ π−1(TN) = L along N , so
XM
F |N ∈ π(L) ⊂ π(TN◦), which dG annihilates; hence {F,G}M |N = dG(XM

F )|N = 0, and symmetrically in
G. It is therefore enough to exhibit one pair of admissible extensions for which the identity holds.

Since S is a Poisson transversal, TM |S = TS ⊕ π(TS◦), so π(TS◦) realizes the normal bundle of S in M .
The tubular neighbourhood theorem provides a projection prW : W → S, defined on an open neighbourhood
W of S in M , with prW |S = idS and ker dprW |S = π(TS◦). Set V := pr−1

W (U), an open neighbourhood of
N in M , and

F := (p ◦ prW )∗f, G := (p ◦ prW )∗g ∈ C∞(V ).

Then F |U = p∗f and G|U = p∗g. Hence F |N = f and G|N = g, and dF and dG annihilate ker d prW =
π(TS◦) along S. By the proof of [20, Proposition 2.23], π(TN◦) = ρL(L) ⊕ π(TS◦). Also, dF |TN = df
annihilates ρL(L) because f ∈ H0(a, ℓ1). Hence F is an admissible extension of f , and likewise G is one of
g.

Fix x ∈ N . Since dFx annihilates π(TxS
◦) and π(TxS

◦)◦ = π−1(TxS), we have dFx ∈ π−1(TxS). As S is a

Poisson transversal, restriction of covectors π−1(TxS)→ T ∗
xS is bijective, and πS is defined by πS(ξ) = π(ξ̂)

for ξ̂ the preimage of ξ [20, §2.2]. Since dFx restricts to d(p∗f)x,

XM
F (x) = π(dFx) = πS

(
d(p∗f)x

)
= XS

p∗f (x) ∈ TxS.
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Therefore {F,G}M (x) = dGx
(
XM
F (x)

)
= d(p∗g)x

(
XS
p∗f (x)

)
= {p∗f, p∗g}(x), which is ℓ2(f, g)(x) by (4.16).

For (2), q∗ identifies C∞(N/H) with C∞(N)H because q is a submersion, and by (1) it carries {·, ·}N/H
to ℓ2. □

4.6. Local models for infinitesimal 1-shifted coisotropics. We now pass from pre-Poisson submanifolds
to regular infinitesimal 1-shifted coisotropics. We replace each twisted Dirac manifold by a twisted Poisson
local model in which it embeds coisotropically, and the map c by its graph, which is a pre-Poisson submanifold
once the twist is removed. The P∞-structure is then transported along a canonical isomorphism between Bc

and the Lie algebroid of this graph.
Let (M,LM , ϕ) and (N,LN , ψ) be twisted Dirac manifolds, and let c : N → M be a smooth map such

that c∗ϕ = ψ and
Bc :=

{(
(v, α), (w, β)

)
∈ LN × LM : c∗v = w, α = c∗β

}
(4.17)

has constant rank; that is, (c, LN , LM ) is an infinitesimal 1-shifted coisotropic [34, Definition 3.13]. Then
Bc is a Lie algebroid over N with anchor ρB

(
(v, α), (w, β)

)
:= v, and prN : Bc → LN is a morphism of Lie

algebroids.
Write EM := LM ∩ TM and EN := LN ∩ TN . The triple (c, LN , LM ) is a regular datum if EM and

EN have constant rank. Set a := C∞(∧•B∗
c ).

We first build a local model that replaces a twisted Dirac structure by a twisted Poisson one, together
with a canonical lift of L to the model.

Lemma 4.11. Let (M,L, ϕ) be a twisted Dirac manifold such that E := L ∩ TM has constant rank. Fix
a complement TM = E ⊕ V , and let prE : TM → E be the projection along V . Let p : E∗ → M be the
bundle projection, ι : E∗ ↪→ T ∗M the inclusion ι(η) = η ◦ prE, and θ the tautological 1-form on T ∗M . Set
Ω := −d(ι∗θ). Then there is a neighbourhood S of the zero section j : M ↪→ E∗ such that the following hold.

(1) There is a p∗ϕ-twisted Poisson bivector πS with eΩp∗L = ΓπS
.

(2) j∗ΓπS
= L, and j(M) is coisotropic4 in (S, πS).

(3) For every (v, α) ∈ Lx there is a unique ζ ∈ T ∗
j(x)S with

πS(ζ) = j∗v, j∗ζ = α, (4.18)

namely hL(v, α) := p∗α+ ιj∗vΩ. The map hL : L→ j∗T ∗S is smooth.
(4) dimS = dimM + rankE.

Proof. We prove (1), then the first half of (2), then (3), and finally the coisotropy assertion in (2). Since p
is a submersion, p∗L is a smooth p∗ϕ-twisted Dirac structure, and since dΩ = 0, so is eΩp∗L.

We first describe eΩp∗L along the zero section. At 0x ∈ E∗ there is a canonical splitting T0xE
∗ =

TxM ⊕E∗
x, in which j∗v = (v, 0) and p∗(v, η) = v. Since prM ◦ι = p, where prM : T ∗M →M is the projection,

(ι∗θ)η(X) = η(prE p∗X). In particular ι∗θ vanishes at the points of the zero section, and a direct computation
gives

Ω0x

(
(v, η), (w, β)

)
= β(prE v)− η(prE w). (4.19)

Since (p∗L)0x = {((v, η), p∗α) : (v, α) ∈ Lx, η ∈ E∗
x},

(eΩp∗L)0x =
{(

(v, η), p∗α+ ι(v,η)Ω
)
: (v, α) ∈ Lx, η ∈ E∗

x

}
. (4.20)

Let (v, α) ∈ Lx, η ∈ E∗
x and ζ := p∗α+ ι(v,η)Ω. By (4.19),

ζ(w, 0) = α(w)− η(prE w), ζ(0, β) = β(prE v). (4.21)

Claim: if j∗ζ = 0, then η = 0, α = 0 and v ∈ Ex. Indeed, (4.21) gives α = η ◦ prE . For u ∈ Ex we have
(u, 0) ∈ Lx, so isotropy of Lx gives 0 = α(u) = η(u). Hence η = 0 and α = 0. Then (v, 0) ∈ Lx, that is,
v ∈ Ex.

(1) Let ((v, η), ζ) be an element of (4.20) with ζ = 0. By the claim, η = 0 and v ∈ Ex. By (4.21), β(v) = 0
for all β ∈ E∗

x, so v = 0. Hence (eΩp∗L)0x ∩ T0xE∗ = 0. Transversality to TE∗ is an open condition, so it
holds on an open neighbourhood S of the zero section, on which eΩp∗L is the graph of a bivector πS , which
is p∗ϕ-twisted Poisson. Part (4) holds since S is open in E∗.

4For an arbitrary bivector field π on a manifold S, a submanifold C ⊂ S is coisotropic if π(TC◦) ⊂ TC, where TC◦ ⊂ T ∗S|C
is the annihilator of TC.
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(2), first part. Since (ι∗θ)0x = 0 for all x, we have j∗(ι∗θ) = 0, hence j∗Ω = 0 and j∗ΓπS
= j∗(p∗L). Let

v ∈ TxM . By (4.20) with Ω omitted, (j∗v, ζ) ∈ p∗L if and only if ζ = p∗α with (v, α) ∈ Lx, and then j∗ζ = α
since p ◦ j = idM . Hence j∗ΓπS

= L.
(3) Let (v, α) ∈ Lx and ζ := hL(v, α). By (4.20) with η = 0, (j∗v, ζ) ∈ ΓπS

, so πS(ζ) = j∗v, and by
(4.21), j∗ζ = α. For uniqueness, let ζ0 be the difference of two solutions of (4.18). Then πS(ζ0) = 0 and
j∗ζ0 = 0. The first condition says (0, ζ0) ∈ ΓπS

, so by (4.20) there are (v, α0) ∈ Lx and η ∈ E∗
x with (0, ζ0) =(

(v, η), p∗α0 + ι(v,η)Ω
)
. Hence v = 0, η = 0, and ζ0 = p∗α0. Since p ◦ j = idM , α0 = j∗p∗α0 = j∗ζ0 = 0, so

ζ0 = 0. Finally, j∗T ∗S is a smooth vector bundle over M , and hL is the restriction to the smooth subbundle
L ⊂ TM ⊕ T ∗M of the bundle map (v, α) 7→ p∗α+ ιj∗vΩ, which is smooth since p, j and Ω are.

(2), coisotropy. Let ζ ∈ (T0xj(M))◦, so that j∗ζ = 0, and write πS(ζ) = (v, η). Since (πS(ζ), ζ) ∈ ΓπS
,

(4.20) gives ζ = p∗α + ι(v,η)Ω for some α with (v, α) ∈ Lx. As j∗ζ = 0, the claim gives η = 0 and v ∈ Ex.
Hence πS(ζ) = (v, 0) = j∗v ∈ T0xj(M). □

We apply Lemma 4.11 to (M,LM , ϕ) and (N,LN , ψ). This gives (SM , πM , pM , jM ) and (SN , πN , pN , jN ),
together with lifts hM and hN . Set

M̂ := SM × SN , π̂ := πM ⊕ (−πN ), ϕ̂ := pr∗SM
p∗Mϕ− pr∗SN

p∗Nψ, (4.22)

where SN denotes SN equipped with the bivector −πN . Then π̂ is a ϕ̂-twisted Poisson bivector. We replace
c by the embedding

J : N → M̂, J(n) =
(
jM (c(n)), jN (n)

)
,

and set ∆ := J(N) and B̂ := T∆◦ ∩ π̂−1(T∆). Since c∗ϕ = ψ,

J∗ϕ̂ = 0. (4.23)

If B̂ has constant rank, it carries the Lie algebroid structure induced by the twisted cotangent Lie algebroid

T ∗
π̂M̂ of (M̂, π̂, ϕ̂).

Lemma 4.12. Let (c, LN , LM ) be a regular datum. The map

φ : Bc −→ B̂, φ
(
(v, α), (c∗v, β)

)
=

(
hM (c∗v, β),−hN (v, α)

)
,

is an isomorphism of Lie algebroids over J : N → ∆.

Proof. We first show that φ is an isomorphism of vector bundles. A covector (ξ, η) lies in B̂ if and only if
c∗j∗Mξ + j∗Nη = 0 and

πMξ = jM∗c∗v, πN (−η) = jN∗v

for some v ∈ TnN , which is then unique because jN∗ is injective.
Let b =

(
(v, α), (c∗v, β)

)
∈ Bc. By Lemma 4.11(3), πMhM (c∗v, β) = jM∗c∗v and πNhN (v, α) = jN∗v.

Moreover c∗j∗MhM (c∗v, β) − j∗NhN (v, α) = c∗β − α = 0. Hence φ(b) ∈ B̂. If φ(b) = 0, then β = 0 and
jN∗v = 0, so b = 0.

Conversely, let (ξ, η) ∈ B̂ with v as above. Set β := j∗Mξ and α := −j∗Nη. Since j∗MΓπM
= LM and

j∗NΓπN
= LN , we have (c∗v, β) ∈ LM and (v, α) ∈ LN . The conormality condition gives α = c∗β. By

uniqueness in Lemma 4.11(3), ξ = hM (c∗v, β) and −η = hN (v, α). So φ is an isomorphism of vector bundles.
The anchors are compatible by the tangency condition: π̂ ◦ φ = J∗ ◦ ρB .
It remains to compare the brackets. Let ι := jM × jN : M × N → M̂ , and L−

N := {(v,−α) : (v, α) ∈
LN} = j∗NΓ−πN

. Then ι∗Γπ̂ = LM × L−
N . The map ζ 7→ (u, ι∗ζ), where π̂ζ = ι∗u, sends π̂

−1(Tι(M ×N))

onto LM × L−
N . It preserves brackets: if π̂ζi is ι-related to ui, then [π̂ζ1, π̂ζ2] is ι-related to [u1, u2], and

ι∗ commutes with L (the Lie derivative along ι-related vector fields), d and contractions, so ι∗ Jζ1, ζ2Kϕ̂ =

Jι∗ζ1, ι∗ζ2Kι∗ϕ̂ on covector parts. By Lemma 4.11(3) applied to each factor, its inverse is
(
(w, β), (v,−α)

)
7→(

hM (w, β),−hN (v, α)
)
. Since (v, α) 7→ (v,−α) is a Lie algebroid isomorphism LN → L−

N , we obtain a Lie

algebroid isomorphism LM ×LN → π̂−1(Tι(M ×N)). Its restriction to the graph of c is φ, and ι(c(n), n) =
J(n). The bracket of Bc is the restriction of that of LN × LM to the graph of c [34, Definition 3.13], and

that of B̂ is the restriction of the bracket of T ∗
π̂M̂ to ∆. Hence [φ(b1), φ(b2)]B̂ = φ([b1, b2]Bc). □

We now remove the background 3-form without changing π̂ along ∆.
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Lemma 4.13. There are a neighbourhood U of ∆ in M̂ , a 2-form λ ∈ Ω2(U) with dλ = ϕ̂|U and λq = 0 for
all q ∈ ∆, and a Poisson bivector π̂0 on U with

eλΓπ̂ = Γπ̂0
, π̂0|∆ = π̂|∆.

Moreover A : T ∗
π̂U −→ T ∗

π̂0
U , A(ζ) = ζ + ιπ̂(ζ)λ, is an isomorphism of Lie algebroids with Aq = id for q ∈ ∆.

In particular

B̂ = T∆◦ ∩ π̂−1
0 (T∆),

and the Lie algebroid structures induced on B̂ by (π̂, ϕ̂) and by π̂0 coincide.

Proof. The form ϕ̂ is closed and J∗ϕ̂ = 0 by (4.23), so by the relative Poincaré lemma [22, Proposition 6.8]

there are a neighbourhood U of ∆ and λ ∈ Ω2(U) with dλ = ϕ̂|U and λq = 0 for all q ∈ ∆.

By [44, §3], the gauge transformation eλ(X,α) = (X,α+ ιXλ) intertwines the ϕ̂-twisted Courant bracket

with the (ϕ̂− dλ)-twisted one. Hence eλΓπ̂ is untwisted, and eλΓπ̂ =
{
(π̂ζ, Aζ) : ζ ∈ T ∗U

}
. Since λq = 0, we

have Aq = id for q ∈ ∆, so A is invertible after shrinking U . Then eλΓπ̂ = Γπ̂0
with π̂0 := π̂ ◦A−1, which is

a bivector because the graph is Lagrangian, and Poisson because the graph is an untwisted Dirac structure.
At points of ∆, Aq = id gives π̂0 = π̂.

The map A is the composite of ζ 7→ (π̂ζ, ζ), of eλ, and of the projection Γπ̂0
→ T ∗U . Each preserves

brackets, so A is an isomorphism of Lie algebroids, and π̂0 ◦A = π̂.

Since π̂0 = π̂ along ∆, the two descriptions of B̂ agree. Let b1, b2 ∈ Γ(B̂) with extensions ζ1, ζ2. As
Aq = id along ∆, the sections Aζi extend bi, and every extension is of this form. Hence

[Aζ1, Aζ2]π̂0

∣∣
∆
= A[ζ1, ζ2]π̂

∣∣
∆
= [ζ1, ζ2]π̂

∣∣
∆
= [b1, b2]B̂ ,

the last equality by Lemma 4.12. □

The model depends on auxiliary choices: the complements VM , VN of Lemma 4.11 and the primitive λ of
Lemma 4.13. We now show that it is unique up to a Poisson diffeomorphism fixing ∆. Only Ω, λ and hence
π̂0 vary; E∗

M , E∗
N , J and ∆ do not.

We view a 2-form λ also as the map X 7→ ιXλ, and write Θ∗π := (Θ−1)∗π for a bivector π. We use
Moser’s theorem in the following form [2, §3.3]: if πt is a smooth family of Poisson bivectors near ∆ with

Γπt
= eβtΓπ0

, where β0 = 0 and β̇t = dγt with γt vanishing at the points of ∆, then the time-1 flow of −πt(γt)
fixes ∆ pointwise and carries π0 to π1.

Write p̂ := pM × pN , Ω̂ := pr∗SM
ΩM − pr∗SN

ΩN and L−
N := {(v,−α) : (v, α) ∈ LN}. By Lemma 4.11(1),

Γπ̂0
= eλ+Ω̂p̂∗(LM × L−

N ). (4.24)

Proposition 4.14. Let π̂0 and π̂′
0 come from two choices of (VM , VN ) and of primitive. Then there is a

diffeomorphism Θ between neighbourhoods of ∆ with Θ|∆ = id∆ and Θ∗π̂′
0 = π̂0. Its cotangent lift restricts

to an isomorphism of Lie algebroids from T∆◦ ∩ π̂′−1
0 (T∆) onto B̂ over id∆.

Proof. Denote by primes the objects of the second choice. For t ∈ [0, 1], the map (1− t) prEM
+t pr′EM

is a
projection onto EM ; let VM,t be its kernel, and define VN,t similarly. Since ι∗θ is linear in prE , the forms of

Lemma 4.11 are Ω̂t = (1− t)Ω̂ + tΩ̂′. Set λt := (1− t)λ+ tλ′, so dλt = ϕ̂ and λt vanishes at the points of ∆.
Let

βt := t
[
(λ′ − λ) + (Ω̂′ − Ω̂)

]
, Γt := eλt+Ω̂t p̂∗(LM × L−

N ) = eβtΓπ̂0
.

Each Γt is the graph of a Poisson bivector πt near ∆. Its background 3-form is ϕ̂ − dλt − dΩ̂t = 0. Along

∆, where λt = 0, it is the model of Lemma 4.11 for (VM,t, VN,t), hence transverse to TM̂ by the proof of
Lemma 4.11(1). Transversality is open and [0, 1] is compact, so it holds on [0, 1]×U for some neighbourhood
U of ∆. Here π0 = π̂0 and π1 = π̂′

0.

We write β̇t as dγ with γ vanishing at the points of ∆. Set

γV := pr∗SM

(
ι∗MθM − ι′∗MθM

)
− pr∗SN

(
ι∗NθN − ι′∗NθN

)
.

Since Ω = −d(ι∗θ), we get dγV = Ω̂′ − Ω̂, and γV vanishes at the points of ∆ because ι∗θ and ι′∗θ vanish at
the zero section. The form λ′−λ is closed and vanishes at the points of ∆, so λ′−λ = dγλ with γλ vanishing
there [22, Proposition 6.8]. Take γ := γV + γλ. Moser’s theorem gives Θ with Θ|∆ = id∆ and Θ∗π̂′

0 = π̂0.
Its cotangent lift is an isomorphism of cotangent Lie algebroids, and dΘ preserves T∆ along ∆, so it maps

T∆◦ ∩ π̂′−1
0 (T∆) onto B̂, preserving brackets. □
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4.7. Construction and independence. We now construct the P∞-structure on a = C∞(∧•B∗
c ). By Lem-

mas 4.12 and 4.13 this reduces to the pre-Poisson case of Subsection 4.3, applied to ∆ ⊂ (U, π̂0). Since S and
ψ are already in use, we write Σ for a Poisson transversal containing ∆ coisotropically and ς for a tubular
neighbourhood of ∆ in Σ.

A choice e consists of complements VM , VN as in Lemma 4.11 and of a primitive λ as in Lemma 4.13.

For each e, write π̂e
0 , B̂

e and φe for the objects of Lemmas 4.12 and 4.13, and set

âe := Γ
(
∧•(B̂e)∗

)
, Φe := ∧•

(
(φe)∗

)−1
: a→ âe,

where functions are identified through J . Then Φe is an isomorphism of graded commutative algebras of
degree 0 and

Φe ◦ dBc = dB̂e ◦ Φe. (4.25)

Theorem 4.15. Let (c, LN , LM ) be a regular datum and e a choice.

(1) ∆ is a pre-Poisson submanifold of (U, π̂e
0), with Lie algebroid B̂e.

(2) For every choice τ = (Σ, ς) as in Proposition 4.5 for ∆ ⊂ (U, π̂e
0), the maps

ℓ
(e,τ)
k := (Φe)−1 ◦ ℓâ

e,Σ,ς
k ◦ (Φe)⊗k, k ≥ 1, ℓ

(e,τ)
0 := 0,

form a flat P∞-structure on a with ℓ
(e,τ)
1 = dBc .

(3) The L∞-isomorphism class of {ℓ(e,τ)k } does not depend on (e, τ).

Proof. (1) By Lemma 4.12, φe is an isomorphism onto B̂e, so B̂e has constant rank. By Lemma 4.13,

B̂e = T∆◦ ∩ (π̂e
0)

−1(T∆). By (4.11) for ∆ ⊂ (U, π̂e
0), the rank of T∆+ π̂e

0(T∆
◦) equals dimU − rank B̂e,

hence is constant, so ∆ is pre-Poisson. By Lemma 4.13, the Lie algebroid structure of B̂e induced by π̂e
0 is

that of Lemma 4.12.
(2) By (1), Proposition 4.5 gives a flat P∞-structure on âe with ℓ1 = dB̂e . Lemma 4.1 applied to Φe, with

(4.25), gives (2).
(3) Let (e, τ) and (e′, τ ′) be two choices, and denote by primes the objects of e′. By Proposition 4.14 there

is Θ with Θ|∆ = id∆ and Θ∗π̂0 = π̂′
0, and ΘB := (dΘ−1)∗|B̂ : B̂ → B̂′ is an isomorphism of Lie algebroids

over id∆. Set Θ̂ := ∧•(Θ∗
B)

−1.
Let τ = (Σ, ς) and let τΘ := (Σ′, ς ′) be its transport by Θ as in Lemma 4.6. That lemma gives

Θ̂ ◦ ℓâ,Σ,ςk = ℓâ
′,τΘ

k ◦ Θ̂⊗k, k ≥ 1.

Set Ψ := (Φ′)−1 ◦ Θ̂ ◦ Φ, an algebra automorphism of a of degree 0. By (2),

Ψ ◦ ℓ(e,τ)k = (Φ′)−1Θ̂ ℓâ,Σ,ςk Φ⊗k = (Φ′)−1ℓâ
′,τΘ

k Θ̂⊗kΦ⊗k = ℓ
(e′,τΘ)
k ◦Ψ⊗k

for k ≥ 1, and both structures are flat, so Ψ is a strict isomorphism from {ℓ(e,τ)k } to {ℓ(e
′,τΘ)

k }.
It remains to compare τΘ with τ ′ for e′. By Theorem 4.9 applied to ∆ ⊂ (U ′, π̂′

0), there is an L∞-

isomorphism ϱ̂ from {ℓâ
′,τΘ

k } to {ℓâ
′,τ ′

k }. By Lemma 4.1(3), applied to Φ′ on both sides, the maps ϱk :=

(Φ′)−1 ◦ ϱ̂k ◦ (Φ′)⊗k form an L∞-isomorphism from {ℓ(e
′,τΘ)

k } to {ℓ(e
′,τ ′)

k }. Since {ℓ(e,τ)k } is the transport

of {ℓ(e
′,τΘ)

k } along Ψ, Lemma 4.1(3), applied to Ψ and id, shows that the maps ϱk ◦ Ψ⊗k form an L∞-

isomorphism from {ℓ(e,τ)k } to {ℓ(e
′,τ ′)

k }. □

We now specialize to a Dirac structure on a submanifold of a Poisson manifold. Let (M,π) be a Poisson
manifold, ι : N ↪→M an embedded submanifold and LN a Dirac structure on N . Set

B :=
{
ξ ∈ T ∗M |N : π(ξ) ∈ TN and (π(ξ), ι∗ξ) ∈ LN

}
. (4.26)

The triple (ι, LN ,Γπ), with ϕ = ψ = 0, is of the type considered in Subsection 4.6.

Corollary 4.16. Assume that B and EN = LN ∩ TN have constant rank. Then (ι, LN ,Γπ) is a regular
datum, and

Ψ: Bι → B, Ψ
(
(v, α), (w, β)

)
= β,

is an isomorphism of Lie algebroids over idN onto the Lie subalgebroid B of T ∗
πM . In particular, transporting

the structures of Theorem 4.15 along ∧•Ψ∗ gives a flat P∞-structure on Γ(∧•B∗) with ℓ1 = dB, unique up
to L∞-isomorphism.
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Proof. Let
(
(v, α), (w, β)

)
∈ Bι. Since (w, β) ∈ Γπ, we have w = π(β), so π(β) = ι∗v ∈ TN and (π(β), ι∗β) =

(v, α) ∈ LN . Hence Ψ is a bijection onto B, with inverse ξ 7→
(
(π(ξ), ι∗ξ), (π(ξ), ξ)

)
. Since Γπ ∩ TM = 0,

(ι, LN ,Γπ) is a regular datum. As for prN , the map Ψ is the restriction of the projection LN × Γπ → Γπ ∼=
T ∗
πM , which is a morphism of Lie algebroids over ι. This proves the first assertion. The last one follows

from Theorem 4.15 and Lemma 4.1. □

Corollary 4.17. Let LN be the graph of a closed 2-form ω with kerω of constant rank. Then

B =
{
ξ ∈ T ∗M |N : π(ξ) ∈ TN and ιπ(ξ)ω = ι∗ξ

}
,

which corresponds to the subbundle AN,ω of [4, Definition 2.1]. If (N,ω) is a reduction level, that is, if B
has constant rank, then Corollary 4.16 applies.

Proof. The description of B is (4.26) with LN = Γω. Moreover EN = Γω ∩ TN = kerω has constant rank,
so the hypotheses of Corollary 4.16 hold as soon as B has constant rank. □

4.8. Comparison with the Poisson algebra of invariant functions. Let c : (C ⇒ N,LN ) → (G ⇒
M,ω, ϕ) be a 1-shifted coisotropic structure with induced base Dirac structure LM . Then LN is c∗ϕ-twisted
and Bc is the fibre product LN ×c LM of Subsection 3.1, so (c, LN , LM ) is of the type considered in Sub-
section 4.6. Assume that EM and EN have constant rank, so that (c, LN , LM ) is a regular datum. Since
a is flat, ℓ2 descends to a Poisson bracket on H0(a, ℓ1). We show that this bracket is the bracket (3.4) on
invariant functions.

Proposition 4.18. Suppose in addition that C is source-connected. Then H0(a, ℓ1) = C∞(N)C, and for
every P∞-structure {ℓk} on a given by Theorem 4.15, the bracket induced by ℓ2 on H0(a, ℓ1) is the bracket
(3.4) of Subsection 3.1.

Proof. Since ℓ1 = dBc , H
0(a, ℓ1) consists of the functions annihilated by ρB(Bc). By nondegeneracy ρB(Bc) =

im ρC , and since C is source-connected the functions annihilated by im ρC are the C-invariant ones. So
H0(a, ℓ1) = C∞(N)C .

Fix a choice (e, τ) as in Theorem 4.15 and let f, g ∈ C∞(N)C . In degree 0 the map Φ is the transport of
functions by J , so Φ(f) = f ◦ J−1. Since ∆ is pre-Poisson in (U, π̂0), Proposition 4.10(1) provides admissible
extensions F,G of Φ(f),Φ(g) near ∆ and gives ℓ2(f, g) = dG(π̂0(dF )) ◦ J .

Fix n ∈ N , set q := J(n), and write dFq = (ξ, η) with ξ on the SM factor and η on the SN factor. Since
F is admissible, dFq annihilates π̂0(Tq∆

◦), so by antisymmetry π̂0(dFq) ∈ (Tq∆
◦)◦ = Tq∆ = J∗(TnN). By

Lemma 4.13, π̂0 = π̂ = πM ⊕ (−πN ) at q, and J = (jM ◦ c, jN ). Hence there is v ∈ TnN , unique since jN∗
is injective, with π̂0(dFq) = J∗v, that is πMξ = jM∗c∗v and πN (−η) = jN∗v.

Set β := j∗Mξ. By Lemma 4.11(2), j∗MΓπM
= LM and j∗NΓπN

= LN , so the last two identities give
(c∗v, β) ∈ LM and (v,−j∗Nη) ∈ LN . Differentiating F ◦J = f gives df = c∗β+ j∗Nη, hence (v, c

∗β−df) ∈ LN .
Multiplying by −1, the pair vf := −v, βf := −β satisfies (3.3).

Therefore π̂0(dFq) = −J∗vf , and J∗dG = dg gives ℓ2(f, g)(n) = −dg(vf ). By Lemma 3.2 this is df(vg) =
{f, g}(n). □

Together with Theorem 4.15, this proves Theorem C from the introduction.

Remark 4.19. By Corollary 3.15 and Proposition 4.18, coisotropic Morita equivalent structures with
source-connected groupoids have isomorphic H0(a, ℓ1). Their P∞-algebras, however, need not be L∞-
quasi-isomorphic. Let G = {∗} and let Pair(S1) = S1 × S1 ⇒ S1 be the pair groupoid. Then L1 := 0
and L2 := TS1 ⊕ 0 are 1-shifted coisotropic structures on c1 : {∗} → G and c2 : Pair(S1) → G. Taking
K := Pair(S1), ψ1 : K → {∗}, ψ2 := id and L := {∗} in (2.3) gives a coisotropic Morita equivalence, since
ψ∗
1L1 = TS1 ⊕ 0 = ψ∗

2L2. Since Bc1 = 0 and Bc2
∼= TS1,

(a1, ℓ1) = (R, 0), (a2, ℓ1) = (Ω•(S1), ddR).

Hence H1(a1, ℓ1) = 0 ̸= R = H1(a2, ℓ1), so a1 and a2 are not L∞-quasi-isomorphic.

5. Quantization of 1-shifted coisotropics

We now quantize the P∞-structures of §4, proving Theorem D. We first treat a pre-Poisson submanifold
N ⊂ (M,π), with P∞-algebra a = C∞(∧•L∗). We apply the relative formality theorem of Cattaneo and
Felder to the coisotropic submanifold N ⊂ S and transport the result along the graded algebra isomorphism
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ΦS of (4.13). After proving independence of the quantization datum, we apply this construction to the local
models of §4.6 to obtain the quantization of general regular infinitesimal 1-shifted coisotropics.

5.1. Preliminaries on curved A∞-algebras. We recall the definitions and basic properties used below,
following [26, 29] for A∞-algebras and [16, §§3.1, 4.4 and Appendix A] for the curved setting and its descrip-
tion by multidifferential operators.

A curved A∞-algebra over a commutative ring R is a graded R-module a with R-linear maps µk : a
⊗k →

a of degree 2− k, k ≥ 0, satisfying, for every k ≥ 0 and all homogeneous a1, . . . , ak,∑
p+q+t=k
q≥0

(−1)p+q+pq+q(|a1|+···+|ap|) µp+1+t

(
a1, . . . , ap, µq(ap+1, . . . , ap+q), ap+q+1, . . . , ak

)
= 0. (5.1)

The element µ0 ∈ a2 is the curvature. We call a flat if µ0 = 0, and then simply an A∞-algebra. In
the flat case µ1 is a differential and µ2 induces an associative product on cohomology. Relation (5.1)
is the Maurer–Cartan equation [m + ϖ,m + ϖ]G = 0 for the Gerstenhaber bracket of [16, Eq. (6)], see
Proposition 5.4; in arity 1 it reads µ2

1(a) − µ2(µ0, a) + µ2(a, µ0) = 0, and in arity 2 it is the Leibniz rule
µ1µ2(a, b) = µ2(µ1a, b) + (−1)|a|µ2(a, µ1b). It differs from the convention of [26] by the rescaling µk 7→
(−1)k(k−1)/2µk, which is the difference between the two desuspensions (s⊗k)−1 and (s−1)⊗k under the Koszul
rule.

Curved A∞-structures deforming a given product can be described as Maurer–Cartan elements, as follows.
Let a be a graded algebra with product m, and assume that a is the space of sections of a graded vector
bundle, so that multidifferential operators make sense. For q ≥ 0 and p ∈ Z, let Dp,q(a) be the space
of multidifferential operators a⊗q → a of internal degree p; such an operator has total degree p + q − 1.

Following [16, §4.4], set D̂ n(a) :=
∏
p+q−1=nDp,q(a) and

D̂(a) :=
⊕
n∈Z
D̂ n(a). (5.2)

In each total degree we take the product over all arities; the sum over total degrees is direct. With the

Gerstenhaber bracket of [16, Eq.(6)] and differential d = [m, ·], D̂(a) is a differential graded Lie algebra.

Equip D̂(a)JϵK with the complete ϵ-adic filtration. If ϖ =
∑
k≥0ϖk ∈ ϵ D̂(a)1JϵK, where ϖk has arity k, then

the Maurer–Cartan equation for ϖ is equivalent to [m +ϖ,m+ϖ] = 0, hence to the curved A∞-relations
for

µ0 := ϖ0, µ1 := ϖ1, µ2 := m +ϖ2, µk := ϖk (k ≥ 3). (5.3)

The Maurer–Cartan elements of ϵ D̂(a)JϵK are thus the curved A∞-structures on aJϵK reducing modulo ϵ to
the original product.

Lemma 5.1. Let a, b be graded R-modules and Φ: a→ b an isomorphism of degree 0. Let (b, {µb
k}k≥0) be

a curved A∞-algebra, and set µa
k := Φ−1 ◦ µb

k ◦ Φ⊗k for k ≥ 1, and µa
0 := Φ−1(µb

0). Then:

(1) (a, {µa
k}) is a curved A∞-algebra, and Φ is a strict isomorphism from (a, {µa

k}) to (b, {µb
k}).

(2) (a, {µa
k}) is flat if and only if (b, {µb

k}) is.
(3) If R = RJϵK, a = a0JϵK and b = b0JϵK for graded algebras a0, b0, and Φ is the RJϵK-linear extension

of an algebra isomorphism a0 → b0, then µ
a
2 reduces modulo ϵ to the product of a0 if and only if µb

2

reduces to that of b0.
(4) If a0, b0 are the spaces of sections of graded vector bundles over a common manifold M , and Φ is

induced by an isomorphism of vector bundles covering a diffeomorphism of M , then {µa
k} is multid-

ifferential as soon as {µb
k} is.

Proof. Since Φ preserves degrees, it preserves Koszul signs, and conjugation by Φ carries the relations (5.1)
for {µb

k} termwise into those for {µa
k}. This gives (1) and (2). Parts (3) and (4) follow from the definition

of µa
k. □

Here and throughout, Altk :=
∑
σ∈Sk

χ(σ; ·)σ is the unnormalized graded alternation, so that (µ ◦
Altk)(a1, . . . , ak) =

∑
σ χ(σ; a)µ(aσ(1), . . . , aσ(k)). This is the operator of [16, Proposition 3.1]. In the flat

case, the antisymmetrization {µk ◦Altk} of an A∞-structure is an L∞-structure [29, Theorem 3.1].
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The gauge arguments of Subsection 5.3 use the coalgebraic encoding of the same structures. Set V :=
aJϵK[1]. All tensor products are over RJϵK; we write ⊗̂ for the ϵ-adically completed tensor product and set

V ⊗̂0 := RJϵK.

Definition 5.2. Let T c(V ) :=
⊕

n≥0 V
⊗̂n be the conilpotent tensor coalgebra. Its ϵ-adic completion is

T̂ (V ) := lim←−N T
c(V )/ϵNT c(V ), equivalently

T̂ (V ) ∼=

(xn)n≥0 ∈
∏
n≥0

V ⊗̂n | ∀N, xn ∈ ϵNV ⊗̂n for n≫ 0

 .

The deconcatenation coproduct extends uniquely by ϵ-adic continuity to T̂ (V ).

A coderivation of degree p is a continuous map X : T̂ (V ) −→ T̂ (V ) of degree p with

∆ ◦X = (X⊗̂ id+ id ⊗̂X) ◦∆. (5.4)

Its corestriction is the family Xk := prV ◦X|V ⊗̂k : V ⊗̂k −→ V , k ≥ 0.

Lemma 5.3. A continuous coderivation is determined by its corestriction. Conversely, every family of

continuous RJϵK-linear maps Xk : V
⊗̂k −→ V , k ≥ 0, is the corestriction of a unique continuous coderivation

of T̂ (V ), given on V ⊗̂n by

X(v1 ⊗ · · · ⊗ vn) =
n∑
k=0

n−k∑
i=0

± v1 ⊗ · · · ⊗ vi ⊗Xk(vi+1, . . . , vi+k)⊗ vi+k+1 ⊗ · · · ⊗ vn, (5.5)

with the usual Koszul signs, where X0() is inserted in every position, including at either end.

Proof. For the uncompleted tensor coalgebra this is [16, Lemma A.1]. The formula (5.5) is RJϵK-linear, hence
ϵ-adically continuous, so both statements extend uniquely to T̂ (V ). □

Proposition 5.4. Under the identification of Lemma 5.3, the operations (5.3) are encoded by the degree-1
coderivation Q whose corestriction is determined by

s ◦Qk = µk ◦ s⊗k (k ≥ 0), (5.6)

where s : aJϵK[1]→ aJϵK is the tautological map of degree 1 [16, §3.1], and s⊗k is applied with the Koszul rule,
so that s⊗k(v1 ⊗ · · · ⊗ vk) = (−1)

∑
i(k−i)|vi| sv1 ⊗ · · · ⊗ svk. Since the Gerstenhaber bracket of [16, Eq.(6)]

is the transport of the commutator of coderivations, Q corresponds to

Q ←→ m+ϖ, (5.7)

and the Maurer–Cartan equation for ϖ is equivalent to Q2 = 0.

Proof. This is (5.3) translated through Lemma 5.3 and [16, §3.1 and §A.3]; since Q has odd degree, [Q,Q] =
2Q2. Expanding Q2 = 0 with (5.5) and (5.6) gives exactly (5.1); the sign (−1)p+q+pq arises from the Koszul
rule for s⊗k and for the coderivation extension. □

Definition 5.5. Let a, a′ be graded modules, set V = aJϵK[1] and V ′ = a′JϵK[1], and let Q,Q′ be degree-1
coderivations with square zero. A morphism of curved A∞-algebras is a continuous coalgebra morphism

ϱ : T̂ (V )→ T̂ (V ′) of degree 0 with
Q′ ◦ ϱ = ϱ ◦Q. (5.8)

Its components are ϱk := prV ′ ◦ϱ|V ⊗̂k , k ≥ 0. After desuspension these are the usual maps a⊗k → a′ of degree
1− k. We require ϱ0 ∈ ϵV ′, which makes the standard tensor-coalgebra formula ϵ-adically convergent. We
write ϱ : (aJϵK, µ)⇝ (a′JϵK, µ′). The morphism is strict if ϱ0 = 0 and ϱk = 0 for k ≥ 2, and an isomorphism
if ϱ1 is bijective.

A change of base point is the special case ϱ1 = id, ϱk = 0 for k ≥ 2, and ϱ0 given by an element whose
desuspension, still denoted a, lies in ϵaJϵK1. In terms of the unsuspended operations it gives

µ̃0 =
∑
k≥0

µk(a, . . . , a), (5.9)

and similarly for the higher operations, by inserting a in all possible slots; the series converge ϵ-adically.
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For a degree-0 coderivation X, whenever eX :=
∑
j≥0

Xj

j! is well defined on the completed tensor coalgebra,

it is a coalgebra automorphism with inverse e−X . The next proposition converts gauge equivalences of
Maurer–Cartan elements into isomorphisms of curved A∞-algebras; it is used three times in Subsection 5.3.

Proposition 5.6. Let D̂(b)JϵK be equipped with a complete descending filtration F• compatible with d = [m, ·]
and the bracket. Let α0, α1 ∈ F1 be Maurer–Cartan elements in ϵ D̂(b)JϵK, gauge equivalent through a degree-

0 element X ∈ F1 whose arity-zero component lies in ϵ bJϵK, and assume that eX̂ is well defined on the

completed tensor coalgebra, where X̂ is the coderivation with components X. Then eX̂ is an isomorphism
between the corresponding curved A∞-structures.

Proof. Since X has degree 0, dX = [m, X] = − adX m, hence eadX−1
adX

(dX) = −(eadX − 1)m, and (4.6) gives

α1 = eadXα0 + eadXm−m, that is,
m + α1 = eadX (m + α0).

Under Lemma 5.3 the Gerstenhaber bracket is the commutator of coderivations, so eadX corresponds to

Q 7→ eX̂Qe−X̂ . Hence eX̂(m+ α0) = (m+ α1)e
X̂ , which is (5.8). The component ϱ0 = X0 +

1
2X1(X0) + · · ·

of eX̂ lies in ϵV because X0 does, and ϱ1 is invertible modulo ϵ, with inverse the linear component of e−X̂ ,

hence, by ϵ-adic completeness, bijective. So eX̂ is a curved A∞-isomorphism. □

Lemma 5.7. Let Φ: a → b and Φ′ : a′ → b′ be isomorphisms of graded algebras of degree 0, and let
ϱ : (bJϵK, µ)⇝ (b′JϵK, µ′) be a morphism. Equip aJϵK and a′JϵK with the transported structures of Lemma 5.1.

Then ϱak := Φ′−1 ◦ ϱk ◦Φ⊗̂k for k ≥ 1, and ϱa0 := Φ′−1(ϱ0), define a morphism between the transported struc-
tures, which is an isomorphism, respectively strict, if and only if ϱ is.

Proof. The maps Φ[1] and Φ′[1] induce continuous coalgebra isomorphisms T (Φ) := T̂ (Φ[1]) : T̂ (aJϵK[1]) −→
T̂ (bJϵK[1]) and T (Φ′) := T̂ (Φ′[1]) : T̂ (a′JϵK[1]) −→ T̂ (b′JϵK[1]). By Lemma 5.1, the transported coderivations
are T (Φ)−1QT (Φ) and T (Φ′)−1Q′T (Φ′). The continuous coalgebra morphism T (Φ′)−1ϱ T (Φ) has compo-
nents ϱak, and it intertwines the transported coderivations:

T (Φ′)−1Q′T (Φ′)T (Φ′)−1ϱ T (Φ) = T (Φ′)−1Q′ϱ T (Φ)

= T (Φ′)−1ϱQT (Φ)

= T (Φ′)−1ϱ T (Φ)T (Φ)−1QT (Φ).

Since Φ and Φ′ are bijective, transport preserves bijectivity of the linear component and strictness. □

5.2. The curved A∞-structure. Let N be a pre-Poisson submanifold of (M,π), with stabilizer Lie al-
gebroid L := TN◦ ∩ π−1(TN) and a := C∞(∧•L∗). Choose a Poisson transversal S ⊂ M containing N
coisotropically, with induced Poisson bivector πS . As in Subsection 4.3, write ν := TS|N/TN , b := C∞(∧•ν),
and Φ := ΦS : a → b for the isomorphism (4.13). We quantize the P∞-structure on a by applying the
Cattaneo–Felder relative formality theorem to N ⊂ S and transporting the result along Φ. Independence of
choices is proved in Subsection 5.3.

Throughout, ϵ is a formal parameter and all maps are RJϵK-linear unless stated otherwise. The graded Lie
algebra gS of formal multivector fields along N carries the Schouten bracket and the zero differential, with
degrees shifted so that bivector fields have degree 1. Thus [πS , πS ] = 0 says that ϵ πS is a Maurer–Cartan

element of ϵ gSJϵK. Finally, D̂(·) is the completed differential graded Lie algebra of multidifferential operators
(5.2).

A quantization datum is a triple d := (S, ψ,∇): a Poisson transversal S ⊂M containing N coisotrop-
ically, a tubular neighbourhood ψ of N in S which is normalized (it restricts to the inclusion on N and
has normal derivative idν along N), and a connection ∇ on ν → N . We fix once and for all a torsion-free
connection on N and an associated formal exponential map.

We use the fibrewise Fourier transform of Cattaneo–Felder [16, §§4.2–4.4], which identifies formal multi-
vector fields along N in S with completed multiderivations of b. We choose the sign convention for which
F(j(b)) = b, so that it agrees with the derived brackets in (4.14). The Hochschild–Kostant–Rosenberg map is
normalized by 1/k! in arity k, as in [16, §4.5], whereas Altk is unnormalized. We now restate the Cattaneo–
Felder theorem in these conventions.
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Proposition 5.8 (Cattaneo–Felder). Let N be a submanifold of a Poisson manifold (M,π), and let bN :=
C∞(∧•νN ). Fix a tubular neighbourhood of N in M and a connection on νN . Then:

(1) there is an L∞-quasi-isomorphism U : gN ⇝ D̂(bN ), where gN is the graded Lie algebra of multivector
fields on the formal neighbourhood of N , and U1 is the fibrewise Fourier transform followed by the
Hochschild–Kostant–Rosenberg map.

(2) τ := U∗(ϵπ), defined by (4.9), is a curved A∞-structure on bN JϵK with multidifferential structure
maps, whose operation µ2 reduces modulo ϵ to the product of bN , while µk ≡ 0 (mod ϵ) for k ̸= 2.

(3) for every k ≥ 0 the operator µk ◦Altk is divisible by ϵ, and 1
ϵ (µk ◦Altk) mod ϵ = (−1)(k−1)(k−2)/2ℓk,

where ℓk is the derived-bracket P∞-structure in the conventions of (4.14).
(4) ℓ0 = −PN (π). In particular µ0 = ϵ PN (π) +O(ϵ2), and µ0 = O(ϵ2) if and only if N is coisotropic in

M .

Proof. (1) is [16, Theorem 4.8]: the tubular neighbourhood identifies gN with the multivector fields on the
formal neighbourhood of the zero section of νN , and the connection enters through the globalization of [16,
§A.9].

For (2), extend U RJϵK-linearly. Since Uk(ϵa1X1, . . . , ϵ
akXk) = ϵa1+···+akUk(X1, . . . , Xk), the morphism U

is filtered for the ϵ-adic filtration in the sense of (4.8), and that filtration is complete. As ϵπ ∈ ϵ g1N JϵK and

[π, π] = 0, Lemma 4.4(1) shows that τ is a Maurer–Cartan element of ϵ D̂(bN )JϵK. By (5.3) it is a curved
A∞-structure on bN JϵK reducing modulo ϵ to the product. This is [16, Theorem 3.2].

For (3), the k-th summand of (4.9) at ϵπ is ϵ
k

k!Uk(π, . . . , π), so τ = ϵU1(π)+O(ϵ2). Divisibility by ϵ of µk ◦
Altk holds because µk ≡ 0 for k ̸= 2 and because µ2 ≡ mwith (m◦Alt2)(a, b) = m(a, b)−(−1)|a||b|m(b, a) = 0,
the algebra bN being graded commutative. By (1), U1 = φHKR ◦ F. To identify its antisymmetrization, let

Q(1) be the degree-1 coderivation of T̂ (bN [1]) corresponding to U1(π) under Lemma 5.3, so that (U1(π))k =

s ◦ Q(1)
k ◦ (s⊗k)−1 by (5.6). Write deck = (−1)

∑
i(k−i)|bi| for the sign of (4.3), which is the Koszul sign

of (s−1)⊗k; under the Koszul rule (s⊗k)−1 = (−1)k(k−1)/2(s−1)⊗k. Since deck ◦Altk = Symk ◦ deck, where
Symk is graded symmetrization for the shifted degrees, and since ℓk = (−1)k−1 deck{· · · } by (4.14), the
identity (U1(π))k ◦Altk = (−1)(k−1)(k−2)/2ℓk, in which (−1)(k−1)(k−2)/2 = (−1)k(k−1)/2(−1)k−1, is equivalent
to

s ◦Q(1)
k ◦ Symk ◦(s−1)⊗k = { · , . . . , · } = pr0

[
· · · [F(π), · ], . . . , ·

]
,

a statement in which no desuspension sign appears. Here pr0 denotes projection onto multivectors of arity
zero on ν∗N [1]. With our Fourier convention, F(j(b)) = b and pr0 F = PN , and F preserves the Schouten
bracket, so the right-hand side is PN [· · · [π, j(b1)], . . . , j(bk)]. The left-hand side is the evaluation formula for
the HKR map [16, Theorem 4.6], whose symmetrization is taken with the Koszul signs of the shifted degrees:
graded symmetrization cancels its factor 1/k!, and the identity follows on products of derivations, hence on
formal multivectors, arity by arity. For k = 0 it reads (U1(π))0 = PN (π). This proves (3) in every arity.

For (4), (4.14) gives ℓ0 = −PN (π). The case k = 0 of (3), where the sign is −1, gives µ0 = −ϵℓ0 +O(ϵ2) =
ϵPN (π) +O(ϵ2). Finally, PN (π) = 0 says that π|N lies in ker(∧2 prN ), that is, π(ν∗N ) ⊂ TN . □

Let d = (S, ψ,∇) be a quantization datum. Applying Proposition 5.8 to (S,N) with the data ψ and ∇
gives a curved A∞-structure µb,d on bJϵK. Set

µd
k := Φ−1 ◦ µb,d

k ◦ Φ⊗k (k ≥ 1), µd
0 := Φ−1

(
µb,d
0

)
.

Theorem 5.9. Let d = (S, ψ,∇) be a quantization datum. Then {µd
k}k≥0 is an RJϵK-linear curved A∞-

structure on aJϵK with multidifferential structure maps, and:

(1) modulo ϵ, µd
2 is the product of a and µd

k = 0 for k ̸= 2;
(2) µd

0 = O(ϵ2);

(3) 1
ϵ

(
µd
k ◦Altk

)
mod ϵ = (−1)(k−1)(k−2)/2ℓa,S,ψk for every k ≥ 0. In particular, 1

ϵµ
d
1 mod ϵ = dL.

Proof. The map Φ is an isomorphism of graded algebras of degree 0, so Lemma 5.1 applies: {µd
k} is a curved

A∞-structure with multidifferential structure maps, and (1) follows from µb,d
2 ≡ m (mod ϵ).

(2) is Proposition 5.8(4) for (S,N), where N is coisotropic, together with the RJϵK-linearity of Φ−1.
For (3), Φ preserves degrees, so χ(σ; Φa) = χ(σ; a) for every σ ∈ Sk and every homogeneous tuple a,

whence
Φ⊗k ◦Altk = Altk ◦Φ⊗k and µd

k ◦Altk = Φ−1 ◦
(
µb,d
k ◦Altk

)
◦ Φ⊗k. (5.10)
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Since Φ is bijective and RJϵK-linear, divisibility by ϵ transfers from b to a. Proposition 5.8(3) gives 1
ϵ (µ

b,d
k ◦

Altk) mod ϵ = (−1)(k−1)(k−2)/2ℓbS ,ψ
k , the brackets of Subsection 4.3. Conjugating by Φ and using ℓa,S,ψk =

Φ−1 ◦ ℓbS ,ψ
k ◦ Φ⊗k gives (3). The last assertion is the case k = 1, where Alt1 = id, together with ℓa,S,ψ1 = dL

from Proposition 4.5. □

Remark 5.10. For k = 2, Theorem 5.9(3) reads

ℓa,S,ψ2 (a, b) =
1

ϵ

(
µd
2 (a, b)− (−1)|a||b|µd

2 (b, a)
)
mod ϵ,

the semiclassical limit of a graded commutator; on functions, by (4.16), the commutator of µd
2 is ϵ{f, g} +

O(ϵ2), as for a star product.

Write H•(L) for the cohomology of (a, dL), that is, the Lie algebroid cohomology of L in the sense of
(2.1). By Subsection 4.5, H0(L) = C∞(N)H. Since r : L → ν∗ is an isomorphism of Lie algebroids and Φ
intertwines dL with ℓb1 (Proposition 4.5), Φ is an isomorphism of complexes, so

Hk(L) ∼= Hk(b, ℓb1) for all k. (5.11)

Theorem 5.11. Let d = (S, ψ,∇) be a quantization datum. For a ∈ ϵ a1JϵK, write µd,a for the change of
base point of {µd

k} by a, in the sense of (5.9).

(1) If H2(L) = 0, there is a ∈ ϵ a1JϵK such that µd,a is flat. In particular µd,a
2 induces an associative

product on H•(aJϵK, µd,a
1 ).

(2) If moreover H1(L) = 0, then H0(aJϵK, µd,a
1 ) is a topologically free RJϵK-module, that is, isomorphic

to H0(L)JϵK with the ϵ-adic topology, with

H0
(
aJϵK, µd,a

1

)/
ϵH0

(
aJϵK, µd,a

1

) ∼= H0(L),

and the induced product is a star product on H0(L) deforming the bracket induced by ℓa,S,ψ2 , i.e. the
Poisson bracket of Proposition 4.10. Under the assumptions of Subsection 4.5, H0(L) = C∞(N)H.

Proof. Both statements are [16, Corollary 3.3] applied to (S,N) and transported along Φ. The transport is
justified as follows.

• Φ is bijective, of degree 0, and RJϵK-linear. So it carries the element â ∈ ϵ b1JϵK produced by [16,
Corollary 3.3] to a := Φ−1(â) ∈ ϵ a1JϵK, and it identifies the two cohomologies by (5.11).

• The change of base point by â is an invertible morphism with components (â, id) to µb,d. By
Lemma 5.7, its transport along Φ is a morphism with components (a, id) to µd. Since such a
morphism determines its source, µd,a is the transport of the change of base point of µb,d by â. It is
therefore flat by Lemma 5.1(2).

• The two hypotheses are the vanishing of the obstruction classes of that corollary. These classes lie in
H2(b, ℓb1) and H

1(b, ℓb1), hence in H2(L) and H1(L). The induction there starts at order ϵ2 because
µd
0 = O(ϵ2), that is, because N is coisotropic in S.

Finally, the terms of µd,a
2 containing a involve some µd

k with k ≥ 3, so µd,a
2 ≡ µd

2 (mod ϵ2). The product

therefore deforms ℓa,S,ψ2 by Theorem 5.9(3). □

Remark 5.12. Part (2) recovers [19, Theorem 6.2]. Theorem 5.9 refines it: without assuming the vanishing
of H1(L) or H2(L), it constructs a curved A∞-quantization of the full P∞-algebra a = C∞(∧•L∗). If
H2(L) = 0, the curvature can be removed by a change of base point. If in addition H1(L) = 0, the degree-
zero cohomology of the resulting flat A∞-algebra carries the star product of [19].

The construction is summarized in Figure 1. Its two rows are the classical and the quantum structures
attached to d, and its vertical arrows are the semiclassical limit of Theorem 5.9(3).
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Data

(M,π), N ⊂M pre-Poisson
L = π−1(TN) ∩ TN◦

Datum d = (S, ψ,∇)

S Poisson transversal,
N coisotropic in S

choose a Poisson transversal,
tubular neighbourhood, and connection

§4.3

πS ∈ MC(gS)
[πS , πS ] = 0

(b, ℓb) flat P∞
ℓb0 = −PS(πS) = 0

(a, ℓa,S,ψ) flat P∞
ℓ1 = dL

derived brackets
of πS

Voronov, (4.14)

Φ−1(·)Φ⊗k

Prop. 4.5

ϵπS ∈ MC
(
ϵ gSJϵK

) µb,d curved A∞
on bJϵK

µd curved A∞ on aJϵK
µd
0 = O(ϵ2)

U∗
relative formality

Prop. 5.8

Φ−1(·)Φ⊗k

Thm. 5.9

coefficient
of ϵ

± 1
ϵ (· ◦ Altk) mod ϵ

Prop. 5.8(3)

± 1
ϵ (· ◦ Altk) mod ϵ

Thm. 5.9(3)

Figure 1. The classical and quantum structures attached to a quantization datum.

5.3. Independence of the quantization datum. The curved A∞-structure of Theorem 5.9 is built from
a quantization datum d = (S, ψ,∇). We show that, up to isomorphism, it does not depend on d. We
compare the three entries one at a time: the transversal (Proposition 5.14), the tubular neighbourhood
(Proposition 5.21), and the connection (Proposition 5.26). Theorem 5.27 composes them.

Throughout, q := rank ν and gν denotes the multivector fields on the formal neighbourhood of the zero

section of ν. We set πψ := (ψ−1)∗πS ∈ gν , and write Uν,∇ : gν ⇝ D̂(b) for the L∞-morphism of Proposi-

tion 5.8(1) forN ⊂ S. By construction, µb,d corresponds by (5.3) to the Maurer–Cartan element Uν,∇∗ (ϵπψ) of

ϵ D̂(b)JϵK. Since ΦS is a strict isomorphism from µd to µb,d (Lemma 5.1(1)), an isomorphism ϱ : µb,d ⇝ µb′,d′

gives, by Lemma 5.7, the isomorphism
(
Φ−1
S′ ◦ ϱk ◦Φ⊗k

S

)
k≥0

from µd to µd′
. We may therefore work on bJϵK.

The first ingredient is the naturality of Uν,∇ under bundle isomorphisms.

Lemma 5.13. Let Λ: ν → ν′ be a vector bundle isomorphism covering idN , b′ := C∞(∧•ν′), and θ :=
∧•Λ: b→ b′. Then

θ∗Uν,∇n (X1, . . . , Xn) = Uν
′,Λ∗∇

n (Λ∗X1, . . . ,Λ∗Xn)

for all X1, . . . , Xn ∈ gν .

Proof. Let W ⊂ N be a chart with coordinates (xi), (eβ) a frame of ν over W , and e′β := Λeβ , a frame of ν′

since Λ covers idN . Let (yβ), (y′β) be the fibre coordinates, ζβ := eβ ∈ b and ζ ′β := e′β ∈ b′.

Since Λ(yβeβ) = yβe′β , we have y
′β ◦Λ = yβ . So Λ reads (x, y) 7→ (x, y) in these coordinates, and Λ∗

∂
∂yβ

=
∂

∂y′β
, Λ∗

∂
∂xi = ∂

∂xi . Likewise θ(ζβ) = ζ ′β , and θ
∂
∂ζβ

θ−1(ζ ′γ) = δγβ gives θ∗
∂
∂ζβ

= ∂
∂ζ′β

. Hence Λ∗ and θ∗ both

act on coefficients by the substitution (y, ζ) 7→ (y′, ζ ′). In particular, the Fourier rules yβ 7→ − ∂
∂ζβ

, ∂
∂yβ
7→ ζβ

give F′ ◦ Λ∗ = θ∗ ◦ F over W , where F,F′ are the Fourier transforms; recall that the Fourier transform is
canonical and does not depend on the connection [16, Theorem 4.1 and Lemma 4.2].

If ∇eβ = ωγβeγ , then (Λ∗∇)e′β = Λ(∇eβ) = ωγβ e
′
γ .

Over W , the local expressions defining Uν,∇ (Fourier transform, local formality, Fedosov globalization [16,
§A.9]) depend only on the coordinates, the frame, the connection matrix of ∇ in that frame, and the data
fixed on N . The Fourier transforms are intertwined as above, the local formality morphism is equivariant
under linear changes of fibre coordinates, and the connection matrices of ∇ and Λ∗∇ in the frames (eβ) and

(e′β) coincide. Hence Uν′,Λ∗∇
n is obtained from Uν,∇n by (y, ζ) 7→ (y′, ζ ′), which is the identity over W . Both

sides are multidifferential, so the identity is local, and W is arbitrary. □

Comparing two Poisson transversals. Let φ : S → S′ be a Poisson diffeomorphism with φ|N = idN , let
ν′ := νS′ , and set

Λ := ν(φ), ψ′ := φ ◦ ψ ◦ Λ−1, ∇′ := Λ∗∇, θ := ∧•Λ. (5.12)

Proposition 5.14. The triple d′ := (S′, ψ′,∇′) is a quantization datum, and

Ψ := Φ−1
S′ ◦ θ ◦ ΦS

is a strict isomorphism from {µd
k} to {µd′

k }.
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Proof. Clearly ψ′|N = idN . Since Λ−1 is linear, ν(Λ−1) = Λ−1, so ν(ψ′) = Λ ◦ ν(ψ) ◦ Λ−1 = idν′ , and ψ′ is
normalized. Since φ is Poisson,

πψ′ = Λ∗(ψ
−1)∗(φ

−1)∗πS′ = Λ∗πψ. (5.13)

By Lemma 5.13 and (5.13),

θ∗Uν,∇∗ (ϵπψ) = Uν
′,∇′

∗ (ϵπψ′).

Since θ is an algebra isomorphism, θ∗m = m. Hence θ is a strict isomorphism from µb,d to µb′,d′
, and Ψ is

the corresponding isomorphism on aJϵK. □

Comparing two tubular neighbourhoods. Let ψ0, ψ1 be normalized tubular neighbourhoods of N in S,
and

δ := ψ−1
1 ◦ ψ0.

Then δ|N = idN , ν(δ) = ν(ψ1)
−1 ◦ ν(ψ0) = idν , and, since ψ0 = ψ1 ◦ δ,

πψ1 = δ∗πψ0 . (5.14)

We will show that ϵπψ0 and ϵπψ1 are gauge equivalent and transport this equivalence through Uν,∇ by
Lemma 4.4. The difficulty is that δ∗ − id is not divisible by ϵ, so the ϵ-adic filtration does not control
the change of tubular neighbourhood. We need a notion of smallness that measures vanishing in the fibre
directions and is compatible with multivector fields. The natural one is the fibrewise grading given by
the degree in the fibre coordinates minus the number of fibre derivatives, which also appears in Fedosov
globalization [23]. We use it to control δ and its logarithm, and then combine it with the ϵ-adic order into a
filtration in which both the gauge generator and the Maurer–Cartan element have positive degree.

Let (x, y) be local coordinates on ν, with (xi) on N and (yj) linear fibre coordinates. For t ∈ R×, let

mt(x, y) := (x, ty), θt := ∧•mt.

Then mt covers idN and (mt)∗∇ = ∇.

Definition 5.15. An element X ∈ gν has weight k if (mt)∗X = t−kX for all t ∈ R×. An element D ∈ D̂(b)
has weight k if (θt)∗D = t−kD for all t ∈ R×. We write wt(X) ≥ a if every homogeneous component of X
has weight ≥ a.

Lemma 5.16. (1) For every multi-index α,

wt
(
f(x)yα

∂

∂xi1
∧ · · · ∧ ∂

∂xip
∧ ∂

∂yj1
∧ · · · ∧ ∂

∂yjs

)
= |α| − s.

(2) If D : C∞(∧p1ν)⊗ · · · ⊗ C∞(∧pnν)→ C∞(∧p0ν), then wt(D) = p1 + · · ·+ pn − p0.
(3) The weight is additive for the Schouten and Gerstenhaber brackets, and wt(m) = 0.
(4) If wt(Xi) ≥ ai for i = 1, . . . , n, then wt

(
Uν,∇n (X1, . . . , Xn)

)
≥ a1 + · · ·+ an.

In particular, all weights are ≥ −q, and the weights of an n-ary operator are ≤ nq.

Proof. (1) We have (mt)∗y
α = t−|α|yα and (mt)∗

∂
∂yj = t ∂

∂yj , while f(x) and
∂
∂xi are fixed.

(2) The map θt is multiplication by tp on C∞(∧pν), so θt ◦D ◦ (θ−1
t )⊗n = t p0−(p1+···+pn)D.

(3) The brackets are natural under (mt)∗ and (θt)∗, and θt is an algebra automorphism.
(4) Lemma 5.13 with Λ = mt gives

(θt)∗Uν,∇n (X1, . . . , Xn) = Uν,∇n
(
(mt)∗X1, . . . , (mt)∗Xn

)
.

This proves (4) for homogeneous Xi. The general case follows since Uν,∇n is well defined on completed inputs
[16, Theorem 4.7]. □

The only term of πψ that could have weight −2 vanishes by coisotropy.

Lemma 5.17. For every normalized tubular neighbourhood ψ of N in S, wt(πψ) ≥ −1.

Proof. By Lemma 5.16(1), the only possible term of weight −2 is πjkψ (x, 0) ∂
∂yj ∧

∂
∂yk

. Since ν(ψ) = idν , this

term is (∧2 prS)(πS |N ) = PS(πS), which vanishes because N is coisotropic in S. □

The gauge generator comes from the fact that δ fixes N pointwise and induces the identity on ν.

Lemma 5.18. There is a formal vector field X on ν with wt(X) ≥ 1 and δ∗ = eadX .
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Proof. Write
δ(x, y) =

(
x+ a(x, y), y + b(x, y)

)
. (5.15)

Since δ|N = idN and ν(δ) = idν ,

a(x, 0) = 0, b(x, 0) = 0,
∂b

∂y
(x, 0) = 0.

Hence wt(a) ≥ 1 and wt(b) ≥ 2. Note that ∂a
∂y (x, 0) need not vanish.

We claim that R := δ∗ − id raises the weight by at least 1. For f = g(x)yα,

δ∗f − f =
(
g(x+ a)− g(x)

)
(y + b)α + g(x)

(
(y + b)α − yα

)
,

and each term on the right contains a factor a, or a factor b in place of a factor y.
It follows that

Y := log δ∗ =
∑
n≥1

(−1)n+1

n
Rn

converges and raises the weight by at least 1. We claim that Y is a derivation. Set T := δ∗ = eY . Modulo
any fixed level of the weight filtration, etY is polynomial in t. For f, g, the expression etY (fg)− etY (f)etY (g)
is polynomial in t modulo that level and vanishes for every t = n ∈ N, since enY = Tn is an algebra auto-
morphism. Hence it vanishes identically. Differentiating at t = 0 gives Y (fg) = Y (f)g + fY (g). Thus Y is
a formal vector field with wt(Y ) ≥ 1. On multivector fields,

(δ−1)∗A = eY ◦A ◦ (e−Y )⊗k = eadY A.

Hence X := −Y satisfies δ∗ = eadX . □

The weight controls X and the factor ϵ controls ϵπψ. We combine them into a single filtration. For k ∈ Z,
set

FkgνJϵK :=
{∑

a

ϵaAa : wt(Aa) + 2a ≥ k
}
, FkD̂(b)JϵK :=

{∑
a

ϵaDa : wt(Da) + 2a ≥ k
}
. (5.16)

Lemma 5.19. (1) The filtrations (5.16) are complete, and Uν,∇ is filtered in the sense of (4.8).
(2) ϵπψ ∈ F1 for every normalized ψ, and X ∈ F1.

(3) Let Y ∈ F1D̂(b)JϵK have degree 0, and let Ŷ be the coderivation of the tensor coalgebra of V := bJϵK[1]
with components Y . Then eŶ is well defined.

Proof. (1) Compatibility with d = [m, ·] and with the brackets, and filteredness, follow from Lemma 5.16(3),(4).
Let Ir ⊂ gν be the elements whose monomials satisfy |α| ≥ r, and W k ⊂ gν the elements whose homo-

geneous components have weight ≥ k. Since 0 ≤ s ≤ q, Lemma 5.16(1) gives |α| − q ≤ wt ≤ |α| for every
monomial, hence Ik+q ⊂W k ⊂ Ik. SoW • and I• define the same topology, and gν is complete and separated
for W • because it is for I•.

By definition,
∑
a ϵ
aAa ∈ Fk if and only if Aa ∈W k−2a for all a. Since all weights are ≥ −q, F−q = gνJϵK,

and
⋂
k Fk = 0. Let Zr =

∑
a ϵ
aAr,a be a Cauchy sequence. For each k there is Rk with

Ar,a −As,a ∈W k−2a (r, s ≥ Rk, a ≥ 0).

For fixed a, taking k = j + 2a with j arbitrary shows that (Ar,a)r is Cauchy for W •, so it converges to
some Aa ∈ gν . Set Z :=

∑
a ϵ
aAa. Let r ≥ Rk. For each a, choose s ≥ Rk with As,a − Aa ∈ W k−2a. Then

Ar,a −Aa = (Ar,a −As,a) + (As,a −Aa) ∈W k−2a, so Zr − Z ∈ Fk. Hence Zr → Z.
By Lemma 5.16(2), an operator of arity n has weights in [−q, nq]. So W k contains no nonzero operator of

arity n when k > nq, and a Cauchy sequence in D̂(b) has stationary components in each arity. It converges

to the element whose components are these stationary values. Thus D̂(b) is complete and separated for W •,
and the argument above applies verbatim.

(2) By Lemma 5.17, wt(πψ) + 2 ≥ 1. By Lemma 5.18, wt(X) ≥ 1.

(3) Write Y =
∑
ϵaYa,w with wt(Ya,w) = w and w + 2a ≥ 1. By Lemma 5.16(2), Ŷa,w lowers the total

exterior degree by w. On V ⊗n, this degree lies in [0, nq], and it stays ≥ 0 after any number of applications,

even though the tensor length may grow. Hence, if Ŷa1,w1
· · · Ŷaj ,wj

is nonzero on V ⊗n, then

nq ≥ w1 + · · ·+ wj ≥ j − 2(a1 + · · ·+ aj).
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So Ŷ j ≡ 0 mod ϵN on V ⊗n for j > nq + 2N − 2. □

Remark 5.20. The filtration (5.16) starts at F−q rather than at F1. However, F1 is a sub-DGLA, since it

is closed under d and [F1,F1] ⊂ F2 ⊂ F1. It contains ϵπψ and X, and Uν,∇ maps F1gνJϵK into F1D̂(b)JϵK
by (1). We may therefore apply Lemma 4.4 to the restriction of Uν,∇ to F1, with the induced filtration
F1 ⊃ F2 ⊃ · · · .

Proposition 5.21. The curved A∞-algebras of (S, ψ0,∇) and (S, ψ1,∇) are isomorphic.

Proof. Since gν has zero differential, (5.14), Remark 4.3 and Lemma 5.18 give

ϵπψ1
= X · (ϵπψ0

), X ∈ F1.

By Lemma 5.19(1), Remark 5.20 and Lemma 4.4(2), the Maurer–Cartan elements ϖi := Uν,∇∗ (ϵπψi
) are

gauge equivalent through some Y ∈ F1 of degree 0. The arity-zero component of Y is an element of b, so
by Lemma 5.16(2) its weight is ≤ 0, and the condition wt+2a ≥ 1 in (5.16) forces a ≥ 1: it lies in ϵ bJϵK. By
Lemma 5.19(3), eŶ is well defined, and Proposition 5.6 shows that it is an isomorphism from µb,(S,ψ0,∇) to
µb,(S,ψ1,∇). □

Comparing two connections. Let ∇,∇′ be connections on ν. Here ϵπψ is fixed, and only the morphism

Uν,∇ changes. We show that Uν,∇ and Uν,∇′
are homotopic, following the proof of [28, Theorem 4.13], in

which only the shortening step needs to change.
Let (xi) be local coordinates on N , (ui) the fibre coordinates of TN used in the Fedosov construction,

and (ζβ) the generators of b given by a local frame of ν. Let D,D′ be the Fedosov differentials of ∇,∇′, let

δK := dxi ∂
∂ui , and let κ := ω′ − ω be the difference of the connection matrices.

Lemma 5.22. There is a fibrewise vector field ξ of form degree 0 and positive Fedosov filtration degree, with
coefficients vanishing at u = 0, such that D′ = eadξD. Its first term is

ξ1 = uiκγiβ(x) ζγ
∂

∂ζβ
.

Proof. We adapt the recursive argument of [8, Appendix C]; see also [28, Remark 4.6 and Proposition 4.7].
We use the Fedosov filtration of [28, Remark 4.6]: dxi and ui have degree 1, ∂

∂ui has degree −1, and ζβ , ∂
∂ζβ

have degree 0; on fibrewise multidifferential operators we pass to the u-adic completion, as in loc. cit. This
degree is additive under brackets and compositions. For it, δK has degree 0, the connection terms of D and
D′ have degree 1, and the Fedosov corrections have degree ≥ 2. Hence D = −δK + (degree ≥ 1), and D′−D
has degree ≥ 1, with degree-1 component

E1 = dxiκγiβ(x) ζγ
∂

∂ζβ
.

Suppose we have constructed fibrewise vector fields ξ1, . . . , ξr of form degree 0, with ξs of degree s and
coefficients vanishing at u = 0, such that Dr := eadξr · · · eadξ1D satisfies E := D′ −Dr of degree ≥ r+ 1 (for
r = 0, D0 = D and E = D′ −D). Both Dr and D′ square to zero, since Dr is conjugate to D. Hence

0 = (Dr + E)2 −D2
r = [Dr, E] + E2.

In degree r + 1 the only contribution is [−δK, Er+1], where Er+1 is the component of E of degree r + 1: all
other terms of [Dr, E] have degree ≥ r+2, and E2 has degree ≥ 2r+2 ≥ r+2. Thus δKEr+1 = 0. Moreover,
Er+1 is the adjoint action of a fibrewise vector field of form degree 1. Since δKδ

−1
K + δ−1

K δK is the identity in

positive form degree, Er+1 = δK(δ
−1
K Er+1). Set ξr+1 := δ−1

K Er+1. It is a fibrewise vector field of form degree

0 and of degree r+1, since δ−1
K preserves the degree, and its coefficients have positive u-degree, hence vanish

at u = 0. Since [ξr+1,−δK] = δK(ξr+1) = Er+1, the difference D′ − eadξr+1Dr has degree ≥ r + 2. For r = 0
this gives ξ1 = δ−1

K E1 = uiκγiβζγ
∂
∂ζβ

.

Since the degrees of the ξr increase, the Baker–Campbell–Hausdorff product ξ of ξ1, ξ2, . . . (in this order)
converges, and eadξ = limr e

adξr · · · eadξ1 . Brackets of fibrewise vector fields of degree ≥ 1 whose coefficients
vanish at u = 0 again have both properties, so ξ has positive degree and coefficients vanishing at u = 0, and
D′ = eadξD.

Finally, adξ raises the degree by at least 1, also on fibrewise multidifferential operators containing ∂
∂ui : for

instance
[
ξ1,

∂
∂uj

]
= −κγjβ ζγ

∂
∂ζβ

has degree 0, while ∂
∂uj has degree −1. Hence (adξ)

m raises the degree by
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at least m, and eadξ converges on the completed Fedosov resolutions. In particular ξ lies in the first filtration
step, as required in [28, Proposition 3.10]. □

Remark 5.23. Here ξ1 is only linear in u, and
[
ξ1,

∂
∂uj

]
= −κγjβ ζγ

∂
∂ζβ

need not vanish at u = 0. So the

shortening argument of [28, Corollary 4.10] does not apply verbatim. Lemma 5.24 replaces it.

Let τ, λ and τ ′, λ′ be the lifting and shortening maps of D and D′. For a D-flat multivector field or
multidifferential operator w of form degree 0,

λ(w)(a0, . . . , ak) = ev0
(
w(τ(a0), . . . , τ(ak))

)
,

and similarly for λ′, where ev0 is evaluation at u = 0.

Lemma 5.24. (1) eξτ(a) = τ ′(a) for every a ∈ b.
(2) eadξ sends D-flat multivector fields and multidifferential operators of form degree 0 to D′-flat ones,

and λ′ ◦ eadξ = λ.
In particular,

eadξ ◦ λ−1 = (λ′)−1. (5.17)

Proof. Since the coefficients of ξ vanish at u = 0,

ev0(e
±ξb) = ev0(b) (5.18)

for every fibrewise function b.
(1) We have D′(eξτ(a)) = eξDτ(a) = 0, and ev0(e

ξτ(a)) = a by (5.18). A D′-flat function is determined
by its value at u = 0.

(2) We have [D′, eadξw] = eadξ [D,w] = 0. Since eadξw = eξ ◦ w ◦ (e−ξ)⊗(k+1), (1) and (5.18) give

λ′(eadξw)(a0, . . . , ak) = ev0
(
eξ w(τ(a0), . . . , τ(ak))

)
= λ(w)(a0, . . . , ak). □

Lemma 5.25. The morphisms Uν,∇ and Uν,∇′
are L∞-homotopic, through a homotopy compatible with the

ϵ-adic filtration.

Proof. We follow the proof of [28, Theorem 4.13], with Lemma 5.22 in place of [28, Proposition 4.7]. The
ingredients are the following.

(1) The conjugacy D′ = eadξD with ξ of positive Fedosov filtration degree (Lemma 5.22), so that the dif-
ference of the two Fedosov twisting elements is gauge equivalent to zero, and the general comparison
of twisted morphisms [28, Proposition 3.10], which applies verbatim.

(2) Let Ax := R[[u1, . . . , um]] ⊗ ∧•νx be the fibre algebra of the Fedosov resolution, and T (Ax) its
multivector fields [16, §A.5], generated over Ax by ∂

∂ui and ∂
∂ζβ

. For vector fields v, v1, . . . , vn ∈
T (Ax), that is, elements linear in these generators, U1(v) = v and Un(v1, . . . , vn) = 0 (n ≥ 2), as for
Kontsevich’s morphism [27, §7]. The first identity holds because U1 is the HKR map. For the second,
in [16, Eq.(9)] each vertex of the first type must have exactly one outgoing edge, since vi is linear in
the generators. So a contributing graph has n edges, and |EΓ| = 2n +m − 2 forces (n,m) = (2, 0).
The only graph is then the two-cycle, whose weight vanishes by [27, Lemma 7.3]. The same holds
with coefficients in differential forms. Hence ξ and the difference of the two Fedosov twisting elements
are mapped to themselves.

(3) The compatibility of the shortening maps, which in [28, Corollary 4.10] uses that the gauge generator
is at least quadratic in the fibre coordinates, and which is replaced here by (5.17).

(4) The comparison of the two projections onto the zero D-cochains, as in [28, Lemma 4.12]. Its proof
uses the analogue of [28, Lemma 4.11], namely Lemma 5.24(2), together with the Fedosov homotopy
and the splitting of [28, Proposition 4.2 and Lemma 4.5], which hold verbatim for the resolutions of
[16, §A.9].

Assembling (1)–(4) as in [28, Theorem 4.13] gives an L∞-homotopy between Uν,∇ and Uν,∇′
. Its RJϵK-linear

extension is compatible with the ϵ-adic filtration. □

Proposition 5.26. The curved A∞-algebras of (S, ψ,∇) and (S, ψ,∇′) are isomorphic.
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Proof. By Lemma 5.25 and Lemma 4.4(3), Uν,∇∗ (ϵπψ) and Uν,∇
′

∗ (ϵπψ) are gauge equivalent through some Y ∈
ϵ D̂(b)JϵK of degree 0. Then eŶ converges ϵ-adically, its arity-zero component lies in ϵ bJϵK, and Proposition 5.6

shows that eŶ is an isomorphism from µb,(S,ψ,∇) to µb,(S,ψ,∇′). □

We can now compose the three comparisons.

Theorem 5.27. For any two quantization data d and d′, the curved A∞-algebras {µd
k} and {µd′

k } are
isomorphic.

Proof. Let d = (S, ψ,∇) and d′ = (S′, ψ′,∇′). As in the proof of Lemma 4.7, all the data depend only
on germs along N , and [19, Theorem 4.3] gives a Poisson diffeomorphism φ : S → S′ with φ|N = idN . Let
Λ := ν(φ) and ψ1 := φ−1 ◦ ψ′ ◦ Λ. Then ψ1|N = idN and ν(ψ1) = Λ−1 ◦ idν′ ◦Λ = idν , so ψ1 is normalized.
Since φ ◦ ψ1 ◦ Λ−1 = ψ′,

(S, ψ,∇) Proposition 5.21−−−−−−−−−−−→ (S, ψ1,∇)
Proposition 5.14−−−−−−−−−−−→ (S′, ψ′,Λ∗∇)

Proposition 5.26−−−−−−−−−−−→ (S′, ψ′,∇′),

and each arrow is an isomorphism of curved A∞-algebras. □

Remark 5.28. The structures µd also depend on the torsion-free connection on N and the formal exponen-
tial map fixed in Subsection 5.2, that is, on the globalization data of [28, §4.1]. Their isomorphism class does
not depend on these data. Indeed, a change of torsion-free connection modifies the connection part of the
Fedosov differential by [δKs, · ] with s = − 1

2u
iuj(Γ′k

ij − Γkij)
∂
∂uk , and the normalization of the Fedosov correc-

tion has no constant or linear term in u; neither involves the generators ζβ of b. The recursion of Lemma 5.22
then gives a gauge generator at least quadratic in u, as in [28, Proposition 4.7]. The proof of Lemma 5.25
applies, with the arguments of [28, Corollary 4.10 and Lemmas 4.11–4.12] in place of Lemma 5.24, and gives
an L∞-homotopy between the two formality morphisms. Lemma 4.4(3) and Proposition 5.6 conclude as in
Proposition 5.26. The same applies to the data fixed on ∆ in Subsection 5.4, which are transported from N
by J .

Figure 2 summarizes the argument.

(S, ψ,∇) (S, ψ1,∇) (S′, ψ′,Λ∗∇) (S′, ψ′,∇′)
change ψ change S change ∇

δ = ψ−1
1 ψ, δ∗ = eadX

wt(X) ≥ 1, wt(πψ) ≥ −1
filtration wt + 2a

Lem. 5.18, Lem. 5.17, (5.16)

φ : S → S′ Poisson
φ|N = idN , πψ′ = Λ∗πψ

(5.13)

D′ = eadξD
eadξ ◦ λ−1 = (λ′)−1

Lem. 5.22, Lem. 5.24

Uν,∇∗ (ϵπψ) ∼ Uν,∇∗ (ϵπψ1)

eŶ isomorphism

θ = ∧•Λ
strict isomorphism

Uν,∇∗ (ϵπψ) ∼ Uν,∇
′

∗ (ϵπψ)

eŶ isomorphism

gauge
Lem. 4.4(2)

naturality of U
Lem. 5.13

Uν,∇ ≃ Uν,∇′

Lem. 5.25, Lem. 4.4(3)

µd ∼= µd′
for all quantization data d,d′

Thm. 5.27

Prop. 5.21
Prop. 5.14

Prop. 5.26

Figure 2. Independence of the quantization datum: each entry of d = (S, ψ,∇) is changed
in turn, and the three isomorphisms are composed.

5.4. Quantization of infinitesimal 1-shifted coisotropics. We now apply the preceding construction to
the P∞-algebra of Theorem 4.15: we quantize ∆ ⊂ (U, π̂e

0) and transport along Φe.
Let (c, LN , LM ) be a regular datum. On ∆, we fix the torsion-free connection and the formal exponential

map transported from N by J . They do not depend on e. Let d = (Σ, ς,∇) be a quantization datum for

∆ ⊂ (U, π̂e
0), and let µâe,d be the curved A∞-structure of Theorem 5.9 on âeJϵK. We extend Φe : a → âe

RJϵK-linearly to aJϵK→ âeJϵK, and set

µ
(e,d)
k := (Φe)−1 ◦ µâe,d

k ◦ (Φe)⊗k (k ≥ 1), µ
(e,d)
0 := (Φe)−1

(
µâe,d
0

)
.
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Theorem 5.29. Let (c, LN , LM ) be a regular datum, e a choice, and d = (Σ, ς,∇) a quantization datum for

∆ ⊂ (U, π̂e
0). Then {µ(e,d)

k }k≥0 is a curved A∞-structure on aJϵK with multidifferential structure maps, and:

(1) modulo ϵ, µ
(e,d)
2 is the product of a and µ

(e,d)
k = 0 for k ̸= 2;

(2) µ
(e,d)
0 = O(ϵ2);

(3) 1
ϵ

(
µ
(e,d)
k ◦ Altk

)
mod ϵ = (−1)(k−1)(k−2)/2ℓ

(e,τ)
k for every k ≥ 0, where τ = (Σ, ς). In particular

1
ϵµ

(e,d)
1 mod ϵ = dBc ;

(4) the isomorphism class of {µ(e,d)
k } does not depend on (e,d).

Proof. By Theorem 4.15(1), Theorem 5.9 applies to ∆ ⊂ (U, π̂e
0). Identify N with ∆ through J . Then Φe is

an algebra isomorphism of degree 0, induced by the vector bundle isomorphism φe : Bc → B̂e. So Lemma 5.1
gives the first assertion and (1). Part (2) follows from Theorem 5.9(2).

(3) Since Φe preserves degrees, (5.10) holds for Φe. Conjugate Theorem 5.9(3) by Φe and use Theo-
rem 4.15(2).

(4) Let (e′,d′) be another choice. Write π̂0 := π̂e
0 , â := âe, Φ := Φe, and denote by primes the objects of

e′. By Proposition 4.14 there is a Poisson diffeomorphism Θ: (V, π̂0)→ (V ′, π̂′
0), where V ⊂ U and V ′ ⊂ U ′

are open neighbourhoods of ∆, with Θ|∆ = id∆. The data depend only on germs along ∆, so we may assume
Σ ⊂ V . Set

Σ′ := Θ(Σ), Λ := ν(Θ|Σ) : νΣ → νΣ′ , dΘ :=
(
Σ′, Θ ◦ ς ◦ Λ−1, Λ∗∇

)
.

Here Λ is a vector bundle isomorphism over id∆. Then Σ′ is a Poisson transversal of (V ′, π̂′
0) containing

∆ coisotropically, and Θ|Σ : Σ → Σ′ is a Poisson diffeomorphism which is the identity on ∆. The proof
of Proposition 5.14 uses only these two facts. Hence dΘ is a quantization datum for ∆ ⊂ (U ′, π̂′

0), and

∧•Λ: bΣ → bΣ′ is a strict isomorphism from µbΣ,d to µbΣ′ ,dΘ

. The data fixed on ∆ are unchanged, since
Θ|∆ = id∆.

Let ΦΣ : â→ bΣ and ΦΣ′ : â′ → bΣ′ be the maps (4.13) for ∆, and Θ̂ := ∧•(Θ∗
B)

−1 : â→ â′, with ΘB : B̂ →
B̂′ as in the proof of Theorem 4.15(3). By the proof of Lemma 4.6, (∧•Λ) ◦ ΦΣ = ΦΣ′ ◦ Θ̂. By Lemma 5.7,

Θ̂ is a strict isomorphism from µâ,d to µâ′,dΘ

, and

Ψ := (Φ′)−1 ◦ Θ̂ ◦ Φ: a→ a

is a strict isomorphism from {µ(e,d)
k } to {µ(e′,dΘ)

k }.
By Theorem 5.27 for ∆ ⊂ (U ′, π̂′

0) and Lemma 5.7 with Φ′ on both sides, there is an isomorphism ϱ from

{µ(e′,dΘ)
k } to {µ(e′,d′)

k }. Since Ψ is strict, the composite ϱ ◦ T̂ (Ψ[1]) has components ϱ0 and ϱk ◦ Ψ⊗k, and

ϱ1 ◦Ψ is bijective. So it is an isomorphism from {µ(e,d)
k } to {µ(e′,d′)

k }. □

Write H•(Bc) for the Lie algebroid cohomology of Bc. By (4.25), Φe induces an isomorphism H•(Bc)→
H•(B̂e).

Corollary 5.30. Let (c, LN , LM ) be a regular datum and (e,d) as in Theorem 5.29. For a ∈ ϵ a1JϵK, let
µ(e,d),a be the change of base point of {µ(e,d)

k } by a, in the sense of (5.9).

(1) If H2(Bc) = 0, there is a ∈ ϵ a1JϵK such that µ(e,d),a is flat.

(2) If moreover H1(Bc) = 0, then Ha := H0(aJϵK, µ(e,d),a
1 ) is a topologically free RJϵK-module, isomorphic

to H0(Bc)JϵK with the ϵ-adic topology, and reduction modulo ϵ induces an isomorphism Ha/ϵHa →
H0(Bc). Through any RJϵK-linear isomorphism H0(Bc)JϵK→ Ha reducing to the identity modulo ϵ,

the product µ
(e,d),a
2 is a star product on H0(Bc) deforming the bracket induced by ℓ

(e,τ)
2 .

(3) If moreover (c, LN , LM ) comes from a 1-shifted coisotropic structure c : C → G with C source-
connected, this is a star product on C∞(N)C deforming (3.4).

Proof. (1) and (2). Apply Theorem 5.11 to ∆ ⊂ (U, π̂e
0) and d. Its hypotheses hold since H•(B̂e) ∼= H•(Bc).

Let â ∈ ϵ (âe)1JϵK be the resulting element, and a := (Φe)−1(â) ∈ ϵ a1JϵK. As in the proof of Theorem 5.11,

µ(e,d),a is the transport along Φe of the change of base point of µâe,d by â. So it is flat, and Φe induces
an isomorphism of RJϵK-algebras from Ha onto the degree-zero cohomology of Theorem 5.11(2) for ∆. The

terms of µ
(e,d),a
2 containing a involve µ

(e,d)
k with k ≥ 3, so they are O(ϵ2). The semiclassical limit then

follows from Theorem 5.29(3).
(3) This is Proposition 4.18. □
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Together with Theorem 5.29, this proves Theorem D from the introduction.

Remark 5.31 (Quantization of generalized reductions). Consider a 1-shifted coisotropic C → {∗} as in
Example 3.17(2), with C ⇒ N source-connected. Here Bc = kerLN ∼= AC , so the datum is automatically reg-
ular. Theorems 4.15 and 5.29 therefore give a flat P∞-structure on Γ(∧•A∗

C) and a curved A∞-quantization,
with the independence of auxiliary choices stated there. By Proposition 4.18, its classical bracket in degree
zero is the reduced Poisson bracket on C∞(N)C . If H1(AC) = H2(AC) = 0, Corollary 5.30 gives a star
product on this algebra. In particular, under the hypotheses of Example 3.17(2), this applies to symplectic
and quasi-Hamiltonian reduction, and their generalizations to symplectic reduction along a submanifold [20]
and reduction of strong Dirac maps [4].
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48. Pavol Ševera, On deformation quantization of Dirac structures, 2005, arXiv:math/0511403.

49. Katrin Wehrheim and Chris T. Woodward, Functoriality for Lagrangian correspondences in Floer theory, Quantum Topol.

1 (2010), no. 2, 129–170. MR 2657646
50. Alan Weinstein, Symplectic groupoids and Poisson manifolds, Bull. Amer. Math. Soc. (N.S.) 16 (1987), no. 1, 101–104.

51. Ping Xu, Momentum maps and Morita equivalence, J. Differential Geom. 67 (2004), no. 2, 289–333.

52. Sinan Yalin, Maurer–Cartan spaces of filtered L∞-algebras, J. Homotopy Relat. Struct. 11 (2016), no. 3, 375–407.
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Canada
Email address: maxence.mayrand@usherbrooke.ca

42


	1. Introduction
	2. Differentiation and integration of 1-shifted coisotropics
	3. The Poisson algebra of invariant functions
	4. Homotopy Poisson structures on 1-shifted coisotropics
	5. Quantization of 1-shifted coisotropics
	References

